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STOCHASTIC MODELS OF TUMOUR DEVELOPMENT AND
RELATED MESOSCOPIC EQUATIONS

D. Finkelshtein', M. Friesen®, H. Hatzikirou®,
Yu. Kondratiev*, T. Kriiger®, O. Kutouviy®

Abstract. We consider different mathematical models inspired by the
problems of medicine, in particular, the tumour growth and the related
topics. We demonstrate how to starting from an individual-based (mi-
croscopic) description, which characterizes cells’ behaviour, derive the so-
called kinetic (mesoscopic) equations, which describe the approximate sys-
tem density. Properties of the solutions to the mesoscopic equations (in
particular, their long-time behaviour) reflect statistical characteristics of
the whole system and demonstrate the corresponding dependence on the
system parameters.

1 Introduction

1.1 Mathematical description

Within the microscopic description of cells, the framework of interacting par-
ticle systems in continuum and their possibility of deriving rigorously a kinetic
description, also called mesoscopic description, in terms of non-local and in gen-
eral non-linear equations plays a crucial role. Here we start from some (simple)
stochastic microscopic (heuristic) description of a cell model and derive from
that rigorously the kinetic equations for the density of this system. Such ap-
proach can be interpreted similarly to the mean field limit in Physics, where
one scales the dynamics in a proper way and obtains from that in the limit a
deterministic equation for the density of the system. We assume in general,
that each cell is determined uniquely by its position and no other properties
will be tracked. Note that it is also possible to introduce marks within such de-
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scriptions and extend the microscopic stochastic dynamics to a situation, where
more complicated effects may be covered. For instance one can introduce age-
dependence of cells, i.e. each cell has an individual age, which influences the
microscopic interactions. Here we always assume that the number of cell-types
is small compared to the number of cells within each type. Therefore such
stochastic treatment is adequate.

The main difference to other cell biological models is, that we start with a
stochastic description, which incorporates individual cell behaviour stochasti-
cally. The choice of the individual stochastic behaviour incorporates cell intern
effects and can be used to model a wide class of cells. Ignoring the inter-
nal structure necessary leads to randomness, but also leads to new methods
describing such large interacting systems.

Heuristically the evolution of a system is described via its elementary
Markov events like birth, death and jumps of cells. In this framework the
evolution is assumed to be Markovian, which is a reasonable approximation
of reality. Note, that this approach could also be extended to non-Markovian
structures in order to include dependencies on cell intern processes like aging
or may lead to some sort of cell-memory. Nevertheless assuming Markovian
behaviour already leads to many non-trivial examples and effects, which have
to be studied more intensively.

The microscopic description and its analysis can answer questions about
asymptotic clustering of the system, invariant states and ergodicity of the sys-
tem. The precise formulation of clustering will be explained more extended in
the next part of the article. Usually it is not possible to measure the microscopic
quantities to full extend, so in order to have a practically useful description it is
necessary to describe the system also via mesoscopic or even macroscopic quan-
tities. Thus it is reasonable to seek for an effective description with practically
measurable quantities. Similar to Thermodynamic limits, one tries to rescale
the system and obtain another description, here for the density of the system.
As a consequence the new description will not contain all information about
the microscopic behaviour, for instance it does not contain information about
asymptotic clustering, which will be explained lateron, and individual trajecto-
ries of the Markov process. Such Mesoscopic, i.e. kinetic description, describes
instead of microscopic quantities the density of the system via a closed system
of equations. Typical for such systems of equations is their non-linear structure
and the appearance of convolutions of the density with the potentials involved
in the interactions of cells. The analysis of such equations is a topic of applied
mathematics and is studied intensively since the last 30 years, c.f. [10, 12, 20].

This kinetic description can give information about the long-time be-
haviour, invariant and stationary states, asymptotic speed of growth, front
wave propagation and several other effects. Its analysis should be realized sep-
arately for each model. Let us outline the general approach and motivate the
scaling used to derive the kinetic description. In general one suppresses the in-
teractions of cells via a factor ¢ > 0. In the same way the density of the system
is increased. Such attempt will suppress all correlations between the cells within
the system and therefore a kinetic description will not contain this information.
In the last step we will seek for a limiting description of this system and will
arrive in a reduced description of the microscopic model. This reduced descrip-
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tion will have not Markovian structure but is still a linear stochastic description
involving infinitely many correlation functions. To get a closed equation for the
density of the system, remember that all correlations between the cells are sup-
pressed. Thus it is not surprisingly that starting from poissonan statistics, the
evolution of the system will preserve this statistics. This property is know as
the Chaos preservation principle.

In the following we will first outline a more detailed description of both
approaches, introduce all necessary quantities and afterwards state the results
for several biological important models of tumour growth, cell division, mortal-
ity etc. The last section contains all mathematical details, which are necessary
for the analysis of such models.

The aim of this section is to motivate and explain this approach to scien-
tists working in biological or medical research fields. The precise mathematical
description will be given and proved afterwards separately.

1.2 One-component models

Let us first outline the necessary structures in the simpler case, where we
consider only one type of cells. Since the cells are distinguished only by their
positions, we will denote their positions by 1, ..., Zn, - € R or more simple
as a collection of positions v = {1,...,2y,...} C R% In reality it is clear, that
each organism has only a finite but very large number of cells. For such finite
microscopic systems the existence of a Markov process is known. Moreover
in [2], [3] asymptotic properties and conditions for explosions respectively non-
explosion can be stated. Nevertheless it is still not understood how to derive
rigorously, i.e. in the sense of convergence of the corresponding densities, the
mesoscopic description. In contrast to infinite systems, i.e. v C R? contains
infinitely many points, behave from the analytical point of view quite different.
Here for many models it is already known that the density of the rescaled
system will converge to the solution of the kinetic description. In this work
we will mainly focus on infinite systems having in mind, that in the kinetic
description the initial density should in addition be chosen to be integrable,
and hence represents a system consisting only of finitely many cells.

Similar to limits from thermodynamics, some effects like asymptotic clus-
tering or pattern formation can be captured simpler in the limit of infinite par-
ticles. Simulations suggest and for some dynamical systems it can be shown,
that finite systems with a large number of cells behave in their interior like in-
finite systems. Finite systems can describe the growth of the system, whereas
infinite systems capture the properties of the interior behaviour of cell patterns
and their properties. Since we deal with a very large number of cells (=~ 1019)
it is justified to allow the cell number to be even infinity, so we will use a
description which includes both finite and infinite systems.

In this case we have to assume, that locally the number of cells is still
finite, i.e. for every bounded volume A C R? the number of cells within A is fi-
nite: |[yNA| < oo. This assumption implies, that the local density of the system
(also other observables) are locally finite and thus can be measured/observed
on each finite volume. Altogether our phase space (configuration space) is

F={ycR?: |yNnA|<oo, VA CR?bounded}.
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Clearly the space of finite configurations
To={nCR’: [y <oo}

is a subspace of I', i.e. Iy C I". Heuristically, starting from some configuration
v € T we would like to describe a Markov process X; € I starting at -y, which
incorporates all microscopic phenomena we would like to describe. For finite
configurations such problem is well understood, c.f. [11] and references therein.
The (Markov) dynamics is described via elementary events as birth, death and
jumps of cells. A cell located at x € R? can die, i.e. the configuration changes
as v — Y\z, a cell can jump from = to y € R? i.e. v — y\z Uy and finally
a new cell at location y € R? may appear, i.e. v — v Uy. All such events
have certain intensities, which will depend on the positions z,y and on the
configuration of cells 7. The probability of the new location y € R? is usually
described via a probability distribution.

Mathematically a Markov process X, starting from a configuration of
cells v € T" can be described completely in terms of the corresponding Markov
generator L, c.f [18], which acts on functions F' called observables. Therefore
in order to describe the model it is enough to write down the expression for
this Markov operator. For our models all terms contained in the operator have
a simple interpretation, e.g. the general form of such generator is simply

Zd x,Y\z)(F(y\z) — /b (v, V(F(yUy) — F(v))dy

rey

3 / (3, \a) (F(1\& Uy) — F())dy. (1)

zEVRd

Here 0 < d(x,v\z) is the intensity of death of a cell z € R? depending on all
other cells v\z, 0 < b(y, ) is the intensity, that a cell is born at position y € R?
and 0 < ¢(x,y,v\z) is the intensity that a cell jumps from position x to the
new position y € R?. Let us stress, that since we will deal with infinite systems
the study of the operator L is extremely hard and was carried out only for a
few models, e.g. [16]. In the framework of cell biology typically new cells can
only be born due to proliferation and hence we can specify the intensity b(z, )

to be of the form
7)::§:lw(xdh7\x)

yeY
This means that each cell at y € v may split and therefore create a new cell at
location x € R%. The intensity of such events is given by by(z,y,y\x). Put in
other words, if v € I'g then heuristically

P(X)

ten = X U{a}XY) = bz, 7)h + o(h)

as h — 0. Similar statements hold for d(z,v\z) and c¢(z,y,v\z). In the case
of || = oo such description can be interpreted only heuristically, since in each
interval [t,¢ + h], h > 0 infinitely many microscopic events will take place.
Hence the notion of first time of a change of a system state if not meaningful,
whereas in finite systems an explicit construction of the Markov process deeply
uses this fact.
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Within this framework we will study distributions P(X;)~! =: y, called
states of the system, instead of the process itself. From cell-biological point
of view it is not necessary and realistic to know all positions of cells, but one
can observe and model statistics respectively their distribution p:, which is
probability measure on I'. One simple example is the poissonian statistics.
There the probability of finding n-cells within the volume A C R? is given by

Pud) = ([ p@ar) e~ [ pwraz).

A A

where 0 < p is locally integrable and describes the cell-density. Let us denote
the Poisson measure on I' by 7, and the collection of all probability measures
on I' by &. The Poisson measure plays the role of a chaotic, i.e. free state,
where all cells are not correlated. Starting from a state y € &2, the description
of the microscopic evolution will consist of describing the evolution of states
t— pp € P. Compared to the description via a process X|' the evolution of
statistics p; is connected via the equality

[ Feomtan = [ Foxpar. Fir—
T Q

where € is the probability space and P the probability measure for the process
X}' starting with initial distribution 442. The study of the evolution p; can be
done via studying its moments, which are functions of arbitrary large number
of variables. The definition of this functions, if they exist, is given as follows,
c.f. [13]

> M, ze)du(y)
T {z1,..., Tn }Cy

1
= / F (2, )R (2, an)dey L de, (2)

n!

(Rd)n

for symmetric functions f(™, which are measurable and have compact support.
The left-hand side is the mean of the observable f(™ ie. we sum over all

possible n-point configurations {x1,...,2,} C v and afterwards integrate over
all possible configurations v. We assume that this mean can be represented

1
via a density k(™ and the factor o is a combinatorial factor describing the

n)
number of all possible choices to order the positions x1,...,%,. Let us denote
the collection of all correlation functions by (k)22 = k, where 0 < k = k()
is a function of finite configurations n C R? (|n| < oo).

Example 1.

e In the case n = 0 one has

L= u(r) = [ dul) = KO
T
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e For n =1 take a Borel set A C R¢ and

A
- fy 254

Then we obtain

[1analdue) = [ X 5@t = [ K0 @)ds
A

T T rey

and the left-hand side is the expected number of particles within the
volume A, whereas the right-hand side is a measure in A. Therefore k(1)
is the particle density of the system.

e The same procedure with

1, z,ye A

ﬂW%MZ{

0, otherwise

leads to

1 1
§/Wmm%mw—§/Wmmww>
I T

-/ ('“;A')dum:; [ [ K@iz
A A

T

//HW%MM@
A A

is the Variance of the cell number operator with kernel 0 < k() (z,y).
Similarly &™) describe higher order moments of the system.

and we see that

e The correlation functions for the Poisson measure 7, are
E™ (x1,. .. 20) = p(x1) - pan).

The evolution of states ¢ —— p; is determined as the solution to the
Fokker-Planck equation for measures

o [ F@ne) = [ER @) 3)

with initial distribution p:|;=¢o = po. Let us assume that for each state u; the

correlation function of arbitrary order n € N exists, then the evolution p; can

be described by the collection of all such correlation functions k; = (kt("));;ozo.

Similar to equation (3), this collection will satisfy the Fokker—Planck hierarchy
Ok

?%<:LAQ (4)
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or written in components

k")
ot

(21,...,20) = (L) ™ (21,...,2,), n €N,

where the operator L” acts on the whole vector k; = (kgn));l“;o, i.e. on each
correlation function and can be seen as an infinite matrix. Therefore above
equation is a vector equation with the matrix operator L®. We have therefore
transformed the equation for the evolution of states p; to an equation for its
moments (k;t(n))ffzo. As a consequence the system of equations for (kin))ff’zo
will be coupled, hence it is not possible to obtain directly a closed equation
for kﬁ"), where only kt(n) enters. Attempts to derive from such system a closed
equation are known as moment closure techniques. In our approach scaling of
the system yields a closed equation for the density of the system. Let us show
for a special choice of L how to derive this equation for kt(l). The general case,
will be postponed to the second part of the article.

As a simple example let us look at a free branching process, where each
cell has a random exponentially distributed lifetime with parameter m > 0
and can proliferate with intensity A > 0, i.e the time to create a new cell is
also exponentially distributed with parameter A > 0. The position of the new
cell born from = € ~ will be distributed due to the probability distribution
a(z —y)dy, where y € R? is the position of the new cell. The heuristic Markov

generator will have the form

=mYy (F(y\z) - F(7))

xEY

Y [ate - y)(FG U - FO)d, (5)

zG’de
Let us take in (3) the special choice F(7) = Y ¢(x) with a measurable,

xTeEY
bounded function ¢ with compact support. For this choice the left-hand side

of (3) will become, c.f. example 2,

/Z‘p Ydpe(y gt/w(x)kt“’(x)dx.

rey Rd

A short combinatorial computation shows the equality

(LF)(7) = -m Y _o(z) + AZ/G(% —y)e(y)dy

rey xEde
and thus
JEp@au) = -n / S @) + 3 [ Sar p)@idulo)
T Trey T ey

_ _m/ ) + )\/(a v o))k (2)da.

Rd
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For the second integral we use Fubini and a(xz — y) = a(y — x) to get

/ (a % ) (2)kD (z)dz = / / a(z — y)p(y)k™ (z)dydz

= [ ([ aty =@yt ) t)a

Rd Rd

Altogether this gives

1)
[ @2 @e = [ o) (<mk ) + Mo s k) (@) do
R4 R4

for each function ¢ and thus

okt
ot

() = —mk" + Ma * k) (2).

Note, that this is a closed equation, in general it not the case, e.g. the equation
for k:?)

ok @ (2)
5 (z,y) = —2mk,” (z,y) + )\/a(x —2)k, " (x, 2)dz
R4
2 [ aly = 2 )iz + ol - ) (K ) + K )

Rd

does depend on the functions of order 1 and 2.

Let us now turn to scaling and outline the general approach. The first step
is to scale the intensities of the interaction of the system, usually one dumps
the potentials by a factor e > 0, e.g. for (5) this means a — €a. In general let
us assume we scaled the intensities in a proper way, i.e. have expressions d., b.
and ¢, within expression (1). The exact scaling will be carried out for each
model separately. To get a limit, we have also accelerate birth by putting a

factor — in front of it, so in the case of (5) this will mean that L is not changed,

€
which is a direct consequence of the independence of the stochastic evolution
of each cell. Finally the resulting generator has the form

(LF)0) = Y e \o)(FO\a) = F ) + £ [ bulys)(F v U) — F)dy

xrey Rd
3 / ee(, 9, \2)(F(\a Uy) — F(3))dy.
xG’de

The second step is to increase the density of the system, i.e. we consider initial
conditions k(()f?, which satisfy
(n)

5”/{8? —ry , €—=0



Stochastic models of tumour development and related mesoscopic equations 13

with a symmetric function r(()n) and n € Ny. Clearly, this implies that the initial

condition két? has a singularity at € > 0, which can be interpreted as a growth
of the initial densities in € > 0. The functions rén) are a subject of choice for
concrete models. The important case is

r(()n)(xlﬁ""xn)ZPO(xl)"'pO(xn)v (6)

which represents the poissonian statistics. Denote by LEA the operator corre-
sponding to L. and by k; . the collection of correlation functions, defined as
the solutions of the equation

Ok o

ot - L?kt,sa kt,alt:O = ko,g. (7)

In the final step we will seek for a limiting correlation function, describing the
scaled system, i.e. we want

E"k‘g? -1y, £€—0 (8)
(n)

for each n € Ny. Again the collection r = (r;7)22, will satisfy some system
of equations similar to (4), i.e.

8T‘t A
— = Lyry, Ttli=0 = T10.
ot VTt Ttlt=0 0
This limiting description is known as the Vlasov hierarchy containing less in-
formation as the original model, but is simpler to analyse. Starting from initial
function 7y as he correlation function of the Poisson measure 7,,, c.f. (6), one
finds that the solution r; will be of the form

i @) = pe(a1) - pe(n)
and so r; is again the correlation function of a Poisson measure with the new
density p;. This density is determined by the mesoscopic equation, which we
will also call kinetic description,

%(m) — v(p)(@)s prlemo = po (9)

and this property is known as the Chaos preservation principle. All previous
steps can be computed for many models explicitly, which will be realized later
for each model. The function p; is the approximate density of this system,
i.e. plays the same role as kt(l), whereas it is determined in general by a non-
linear and non-local equation. For the special case (5) the equation for p; is
the same as for k:gl), which again is the consequence of the independence of
each cell. Given a microscopic model through its (formal) Markov generator
L, we will say that (9) is the kinetic description of the microscopic model.
This description is produced by taking the formal limit within (7). Without
further investigation it is not known, whether also the corresponding solutions
converge, i.e. (8) holds. We will say that the kinetic description (9) corresponds
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to the microscopic model if (8) holds. In particular this implies that for given
initial condition pp and p; the solution to (9) one has

. 1
Ehj% 5’%55) = Pt

The precise notion of the convergence might depend on the particular model
and shall be checked for each model separately. In many cases one knows that
p+ will be bounded and hence the limit is uniformly in all spatial variables.

1.3 Clusterization and pattern formation

From an intuitive point of view many scientists understand under the terminus
of clusterization that with increased probability we will observe cells aggregat-
ing in some bounded regions. For mathematical analysis such understanding
has to be reformulated in terms of mathematical objects. In applications bi-
ologists often observe the density of the system, and find regions with peaks
and at the same time regions with rather small density. Such phenomena is
also often called clusterization. In this work we will call such phenomena pat-
tern formation. One example for pattern formation would be the density, for
simplicity one-dimensional,

a, x€[2k2k+1)
p(z) = ;
b, xe€[2k+1,2(k+1))

where 0 < a < b and k € Z. Such density is periodic, and if b is compared to
a much larger we will observe macroscopically in the regions [2k + 1,2(k + 1))
an aggregation of cells or molecules. One could think about the density for the
description of periodic crystal structures, whereas we do not relate such density
to any specific model, since we have not it derived from any microscopic model.

The notion of clusters will be used in this work to relate to higher cor-
relations of an interacting cell system, whereas pattern formation is connected
only to the first correlation function, i.e. the density of the system. Having in
mind that the sequence of correlation functions k(™ describe the densities of
the moments of a state of the system, i.e. a probability measure on I', we would
like to fix in the next step a reference measure, which shall be regarded as com-
pletely uncorrelated. In Physics it is know that for a completely uncorrelated
system the correlation functions will have product structure, i.e.

E™(zy, .. en) = plzy) - plzn), @1,...,2, € R?

for each n € N. Here 0 < p is the density. Therefore we regard the Poisson
measure 7, as the reference measure to measure correlations and clusterization
of the system. One important special case is the choice p(z) = z, where z > 0
is constant. In such case the system is distributed uniformly in all R? and due
to the product structure all cells are independent. Such cases were already
analysed in physics for the free gas. We will call a systems non-clustering, if
its correlation functions satisfy

E™ (xy,. . 20) < p(x1) - p(zn)C, x1,... 2, € RY (10)
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for all n € Ny and some constant C' > 0. In the case, where
E™ (zy, .. xn) < plxy) - plzn)nt®, x1,... 2, € RY (11)

for all n € Ny and some § > 0, we will say that the system admits clusterization.
Note that, this does not mean that the system will be really clustering. In
general one should also have a bound from below. We will say the system is
clustering, if the following bounds hold for all n € Ny, z1,...,z, € R?¢

po(x1) - po(zn) () Co < k™ (21,...,20) < pr@1) - p1(wn)(n)* Ch,

where pg, p1 are non-negative locally integrable functions, Cy, C1, dg, 01 > 0 are
constants. The evolution of a system will be clustering if for each fixed time
t > 0, the correlation functions k:t(n) admits above estimations.

Let us now turn to the interpretation of this conditions. In the case of
(10), we observe that the moments of the system are bounded from above by
the moments of the Poisson measure. For instance the probability density of
finding n cells at positions z1, . . ., z,, is given by k(™ (z1,...,2n). In the case of
(11) this density is fast growing with respect to n and hence it is more likely to
find configurations which consist of a higher number of cells. Therefore we see
that in contrast to pattern formation, here we incorporate also the microscopic
description of the system via its configurations. In the next section we will see,
that a free branching process will always be clustering. In order to prevent
clusterization it is therefore necessary to introduce microscopic interactions,
which will regulate the system. Two examples are given by either increasing
the death of cells, in such a way that in dense regions cells will have an increased
intensity to kill each other, or dumping down the intensity for the branching
of cells, which means that in dense regions cells will have only a small chance
to proliferate.

2 Results

2.1 One-component models

Free branching process

The first model we start with is a toy model in the sense that mathematically
all corresponding equations can be solved explicitly. This model consists of the
two elementary events birth and death of a cell. First of all each cell have an
exponentially distributed lifetime with parameter m > 0, so the time each cell
will survive is given by an exponentially distributed random variable and the

mean lifetime is —. After the death of a cell located at position z € R? the

m
configuration of all cells changes 7 — ~v\x. Written in terms of the heuristic
Markov generator this part has the form

(LaF)(7) =Y m(F(y\x) = F()).

Moreover, each cell located at position z € v can divide into two new cells
located at the positions y1,y2. Thus the configuration changes in the following
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way 7 — v\z Uy1 Uys. The probability of finding cells in the volume element
dy1dyo, is given by

a(z —y1, = — yo)dy1dyz,
and the intensity of the event of cell-division is given by A > 0. We assume
that 0 < a is a probability density, hence is normalized to 1 and assume that
this kernel is symmetric in both arguments, so

a(l},—y) :a(xay)7 a(_xay) :a(I,y), z,y ERd'

In terms of the heuristic Markov generator this leads to

@) =AY [ [ ate - e - ) (FO\e U Up) — FODdsndye

:rG’de Rd

Incorporating both effects independently of each other in one process, the over-
all Markov generator will have the form L = Ly + L. Clearly this description
shows, that each cell is independent of all other cells. Thus this description
really reflects the effects of free proliferation of cells within some region. If the
kernel a is a product of two probability distributions, i.e. a(z,y) = b(z)c(y),
then the positions y; and yo will be distributed independent of each other. In
some applications the positions y1,ys are not independent of each other, i.e.
choosing position y; influences the position of y. In the special case, where the
position ys would be determined completely by the position y; one would take
e.g. a(x,y) = b(x)d(z + y) with a non-negative integrable function b, which is
normalized to 1. Therefore the position ys is given by y2 = z+(x—y1) = 20—y1,
meaning that cells prefer to proliferate in opposite directions, such that the dis-
tance |y; — y2| is maximal.

Here we will investigate the general case and analyse some properties of
the system. The first observation shows, that if the birth kernel a is such that
new cells may appear arbitrary close to the mother cell located at position =z,
then the dynamics will admit asymptotic clustering.

Theorem 2.1. Assume that a is continuous such that a(0) > 0, then starting
from poissonian statistics, i.e. correlation functions k(n) = cl| the evolu-
tion of correlation functions k; will satisfy for each n such that all points are
sufficiently close to each other

™ (21, .. xy) > Bre (M= Nniy)

for some constant B > 0 depending on A\,a and C. Moreover there exists
C(t) > 0 non-decreasing such that

K" (21, .. ) < C)™n!
for alln € Ny and x1,...,x, € R?,

Above estimate implies due to the presence of the factor n!, that inde-
pendent of 3,m and A with high probability many cells can be observed in a
small region, which reflects the effect of clustering. The second estimate shows,
that factorial growth of correlation functions k; is the worst case we can ob-
serve. This estimate remains true without any conditions on the birth kernel
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a. The next Theorem formulates the result concerning the kinetic description
of this model.

Theorem 2.2. For each initial distribution of cells po(x) > 0, which is essen-
tially bounded, there exist a unique solution pi(x) > 0 to the kinetic equation

%(x) = —(m+Npe(r) + X / b(z —y)p:(y)dy (12)

R4

with initial condition pili—=0 = po. Such solution is also essentially bounded
and corresponds to the rescaled system, i.e. the Viasov hierarchy. The function
0 < b is given by

b(x) = /a(%y)dy—l—/a(y,x)dy.
R4 R4

The absence of non-linearities is due to the absence of interactions of cells.
For m > X all cells will die, whereas for m < A the number of cells will grow
exponentially. In the critical case m = A the total number of cells is conserved
and the equation describes a random walk in continuous time. The general
solution to (12) is given by

—(m —(m = At)" *n
pe(x) = po(a)e MV 4 7MY (n!) (0" po) ().
n=1

The same Mesoscopic equation and the same results about asymptotic cluster-
ing of the system can be achieved, if we simplify the birth by setting

a(z,y) = (x)b(y),

which means that each cell will create a new cell located at position y € R?
without disappearing from the system. Mathematically such situation is due
to less computational work simpler to analyse. Results concerning invariant
states, existence of a Markov process etc. can be found in [15]. In the following
we will always restrict ourselves to this case, called Contact model. Its heuristic
Markov generator has the form

(LemF)(v) =m Y (F(\z) = F(v))

rey

Y [ale—pFOUY - Fa)y (13)

mEWRd

Spatial logistic model

As already discussed in the Contact model all cells are independent of each
other. For a wide class of biologically relevant models such behaviour is not
adequate, so one has to introduce additional microscopic mechanisms, which
regularize the overall dynamics in such a way that all correlation functions
become sub-poissonian. This can be achieved if one includes either additional
density dependent mortality or one introduces density dependent birth in such
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a way, that in regions of high density cells will have a small probability to
proliferate. Here we will state some results about the model with additional
density dependent mortality.

Let us start with with the usual Contact model, so Loy given in (13)
and introduce additional death. Each cell z € v may cause death of another
cell y € y\z with rate A=a~(x — y). The overall rate of death caused by the

cell z is simply A~ > a~ (z —y) and describes some sort of competition of
yeY\z

cells for resources within the body. Therefore the complete heuristic Markov

generator will have the form

(LE)(y) = (LemF)(y) + A7) > a (@ = y)(F(\2) = F(7)).  (14)

€Y yey\z

This model was analysed in several articles, c.f. [5, 7]. It is known, c.f. [21] that
if m > 0 is arbitrary small and there is # > 0 such that a= — fa is a stable
potential, then there exists an evolution of states, such that its correlation
functions satisfy k§”) < C™ for some constant C' > 0. Moreover, it can be
shown, that in the regime of high mortality the only invariant state is the one
representing the empty configuration. Namely if

Aa< A a”

then the unique invariant distribution is pjn, = 5{@}, i.e. kfsi =0forn >1and
k)

iny = 1. Here we will only summarize the result for the kinetic description, [6]

Theorem 2.3. Assume a,a” > 0 are symmeltric, integrable and normalized to
1. Then for each initial measurable density po(z) < C for a.a. x € R? there
exists a unique solution p; to the kinetic equation

O
ot

with pili=0 = po. Moreover the function ki(n) = ex(pe;n) is a solution to the
Viasov hierarchy

(2) = —mpi(@) — A pu(@)(a * p)(@) + Aaxp)(@)  (15)

37}

ot
with ro(n) = ex(po;n). This solution p; will again be bounded by the same
constant C, i.e. py(x) < C for a.a. x € R Moreover equation (15) is the
kinetic description, and if A"a”™ — Aa is stable, then also (8) holds.

(n) = L@H(n), 7"t|t:0 =70

A—m

Clearly there are two stationary solutions to (15) given by 0 and =

Such solutions are biologically relevant if they are positive, so m < A. Let

us now assume, that a™ is strongly localized. Then we can approximate the

convolution by a multiplication, which leads to a™ * p; &= p;. In this case the
kinetic equation simplifies to

O
ot

This equation was analysed in several articles in the one-dimensional case. A
function p:(z) is called a traveling wave solution with monotone profile and

(x) = —mpr(x) = A" pe(2)* + Aa* pr) (@).
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speed ¢, if pi(x) = (x — ct) for some monotone function ¢ € C1(R). E.g.
in [20] it was shown that if a is exponentially integrable, i.e. there exist a > 0
such that

/e_aya(y)dy < 00
R

then there exists ¢, > 0 such that for each ¢ > ¢, there exist a traveling wave
solution with monotone profile and speed c. A For each ¢ < ¢, there exist no
periodic traveling wave solution of speed c¢. The constant c, is called spreading
speed. For the time-inhomogeneous case A = A(t) in [12] a similar result was
shown and a formula for ¢, has been derived. In contrast if a do not satisfy the
exponential integrability condition, then the speed of propagation will be not
constant, c.f. [10]. Therefore modelling complex cell systems one has also to
distinguish between different classes of kernels a™, a. For example taking for a
a gaussian distribution, one gets a constant spreading speed, whereas taking a
as the Cauchy distribution one gets an accelerated spreading speed.

Branching with fecundity

Instead of density dependent mortality here we will summarize the case of
density dependent birth. So each cell have again an exponentially distributed
lifetime with parameter m > 0 and each cell at position x € v can create a new
cell with intensity e~ #(®7\#) The relative energy F(z,v\z) is given by

E(z,y\z) = Y plz—y)>0.

yey\z

The potential ¢ > 0 is assumed to be symmetric and integrable. In dense
regions around a cell z the energy will be large and thus the exponential
e~ E@\?) will dump the intensity of creating a new cell at some position.
Such kind of self-regulation can be interpreted as a lack of energy, material or
resources for the cell at position x. If now x creates a new cell, then again the
probability of finding the new cell within the region dy is given by a(z — y)dy.
The generator is given for functions ' : I' — R by

(LF)(7) =my_(F(\a) = F(3))

rey

AT N [ale )Pl UY) - FO). (10

dSie' R4
Such model was discussed in [8] and it was shown, that under some conditions
on the potentials a and ¢ such self-regulation will prevent asymptotic clustering
of the system. More precisely, if there is a constant 8 > 0 such that for a.a.
x € R? the conditions
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hold, then there is 0 < C’ < C such that for ko(n) < C'Il there exist a unique
classical solution k; to (4) such that k;(n) < C!"l. Here the dispersion kernel a
should be dominated by the interaction kernel suppressing the intensity of birth
and in the second condition one assumes that the constant mortality is high
enough. Pattern formations might still appear, such effects are of mesoscopic
nature and thus should by studied within the kinetic description. So let us
state the general result for the mesoscopic limit.

Theorem 2.4. Assume that
a(z) < Op(x)e#7)

0
2eC(#) <1 + —)
e A 667 <m

/\<1+ 9<@>) < m,

e
where (p) = [ (z)dz denotes the mean of the potential w. Then there is

Rd
ap € (0,1) such that for all a € (ap, 1) and each initial condition 0 < py < aC
there exists a unique solution 0 < p; < aC' to the kinetic equation

%(z) = —mpg(z) + A (a* pre” ) (z) (17)

and the function r, = ex(p:) solves the Viasov-hierarchy.

The property p; < aC means, that the density of the system will be
bounded and so no explosions of the cell population may appear. The main
difference to the Contact model is the presence of the additional term e~ ¥*/t
which suppresses the growth of the density. The first condition states that the
interaction should dominate the proliferation The other two conditions require
high mortality and are sufficient to prevent the growth of the density of the
system. Without these two conditions we expect that the density will grow
exponentially, but still will not admit clusterization.

Contact model with motion

Last we would like to draw the attention to another self-regulation mechanism.
The usual Contact model described by the heuristic Markov generator L¢jy,
as mentioned before, consists of asymptotic clusters. To avoid this effect, let us
assume that each cell have the additional possibility to move within the system.
Similar to previous model let us assume that there are two main contributions
to the intensity of the motion. On the one hand-side a cell at position = € ~
will try to move outside a dense area of cells and on the other hand-side the
destination point will be chosen in such way, that it is less dense. All in one
cells will try to jump from dense areas to less dense areas. Such heuristic
description can be summarized in the following Markov generator

(LF)(v) = (Lem F) ()

£y ePelene) /@—Ew(%”)c(x —Y)(F(\zUy) — F(y)dy. (18)

ey Rd
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As before, the energies have the form Ey(z, v\z) = Z\ o(z—y) and Ey(y,v) =
YyeEY\T

S~ (y — z), where the potentials ¢,70 > 0 are symmetric and integrable.

zey

The probability of finding the new cell within dy is approximately

1
NefE”’(y”)c(x —y)dy

with a normalization constant N = N(v) and a probability distribution 0 <
c(x) = ¢(—=z). To this time such model was never analysed in this generality
and therefore it is not clear how the microscopic behaviour will look like. Nev-
ertheless, simulations suggest that such mechanism can lead to less asymptotic
clustering of the evolution, but due to the motion of the system, started from a
compactly supported density, will spread out faster then in the Contact model.
We also expect that the local density p; within the kinetic description will be
growing at most sub-exponential. Within this work we derive the kinetic de-
scription for this model. Questions concerned about front wave propagation
and bounds on the density should be studied in detail afterwards.

Theorem 2.5. The kinetic description corresponding to the microscopic de-
scription of the Contact model in the presence of density dependent jumps is
given by a density p > 0, which solves the Mesoscopic equation

O (4) = ) + M )0

+ (c % (pteaﬁ*pt)) (x)e—(w*mw:) — e(¢*pz)(l‘)(c x e VP (2) py ().

Already here, we can observe how complicated the mesoscopic description
might become. Of course one could simplify the situation by only investigating
the case, where only one of the potentials ¢, is non-vanishing. So let us
assume ¢ = 0. Then the equation becomes

O
ot

The first two terms describe the free proliferation, whereas the last two terms
describe the impact of motion on p;. The total number of particles is not

0

a(p,:} = (A= m){pt). The local number of

cells, [ pi(x)dz, within some volume A C R? might have a drastically different
A

(2) = =mp(a) + Ma™ % p0)(@) + (e (pue?*)) (2) = ()el ) py(a).

affected by this two terms, i.e.

behaviour.

2.2 Two-type models

In contrast to previous models here we will present some results about multi-
type models. In reality cells have different tasks and hence should be described
by different microscopic interactions. In contrast to previous modelling here
we will consider two type of configurations v+ = {x1,...,2p,...} and v~ =
{¥1,--,Yn,---}. Both should be locally finite and distinct, so y* Ny~ = 0.
The collection of all such configurations will be denoted by I'2. Not only the
elementary events birth, death and jumping of cells can be treated, we now
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have the possibility of switching cell-type, i.e. a +-cell becomes a —-cell and
vice versa. More important, the densities for all events might also depend on
the cells of other type, so that e.g. +-cells are being affected by —-cells etc.
Within this framework the kinetic description will be a coupled system of two
equations, which describe the rescaled density p* for +-cells and the rescaled
density p~ for —-cells.

Let us now outline how to extend previous considerations to this case.
A state of the system is a probability distribution, i.e. measure u € 2(I'?),
on the two-component phase space I'. For the given p, the corresponding
correlation functions k™) (z1,...,TniY1,...,Ym), if they exist, are defined
via the equation

Z Z f(nvm)(ajl"xn7y1,ym)du(7+377)

2 {11,~~~’wn}C’Y+ {y1,-ym}Cy~

n|m| / / f(nm 1'1,.. xnayl,“'?ym)

(Rd m

x ) (T1 5 Tni Y1, - Ym)d zd ™y

for all symmetric functions f(™™) which are integrable with compact support.
Again k(™) describe the moments of the state p of the system and in the
special case n = 1 = m the function k1) is the density of the system, whereas
k(™9 and k(™) correspond to the boundary distributions.

As before the correlation functional k; will satisfy the equation

o) = (k) (), (19)

which has to be studied for a rigorous mathematical analysis.

Similar to the one-component case, the kinetic scaling starts with dumping
the potentials by multipliying them by a factor € > 0. Therefore we get a scaled
version of the equation (19), i.e. L2 instead of L. Let us assume for the initial
conditions k(” ™)

(n,m)

et kg™ 5 ™ e 50

with a symmetric function r(()n’m) and n, m € Ny. The important case is to take

+

PN @y, Ty Ym) = 8 (1) - ot (@n)pg (1) - oy (). (20)

Denote by k(" ™) the solutions to equation (19) with L2 instead of L® and
assume that this solutions preserve the order of singularity, namely

R (21)

for each n,m € NO. This is equivalent to investigate the Cauchy problem for
the operators L2 = RELEARgfl, where

g, ren

(Rk) (it ) = el I ()
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and seek for a limit Lémn — L%. Using the initial condition ro as given in
(20), the solution to
aTt

A
5 =Lyre, Teli=o =10

will again have the form

(n,m)

N @ eyt ym) = 01 (1) - o () pr (1) -y (Ym)

and p;, p; is determined by the kinetic equations

op; _
87; = v+(pj_7pt )7
(22)

op; _ _
87; =v (P?apt )

Then similarly to the one-component case the solutions p;” and p; to (22) will
be called kinetic description of the microscopic model. If in addition (21) holds,
then we will say that the kinetic description corresponds to the microscopic
model. In such case one has

. (1,1) _ .+ -
;1_% ki (z,y) = pi (@)py (v),

where p;, p; are the solutions to (22) with initial condition p§ and p,. Let
us explain the details and state the results for several important models in the
last part of this section. Since these models were not investigated mathemat-
ically, we will give only some simple preliminary results and state the kinetic
description. Its analysis and properties of the description should be analyzed
for each model separately.

Necrosis model

Looking at a cell system, with free branching and constant mortality m > 0,
i.e the Contact model, one possible extension to more realistic situations is
to modify the death of cells. After the death of a cell, it triggers several
biological mechanisms which effect surrounding cells. If the number of deaths
will exceed some critical value, then the surrounding cells will have an increased
intensity of death. Such effects will cause cascades of dying cells infecting
neighbouring cells. To model this effect we will introduce to types of cells.
The +-cells will be the usual cells with constant mortality and free proliferation,
i.e. the generator is similar to the generator Lgjps from the Contact model.
The —-cells will represent the dead cells, which exceeded the critical value and
therefore will cause death of +-cells. These dead cells will disappear due to
some exponentially distributed time with parameter m; > 0. The affect of —-
cells on +-cells will be described similar to the spatial logistic model, c.f. (14).
To summarize this explanation we will write down the form of the heuristic
Markov generator, i.e.

(LF)(y",77) = (AF)(y )+ (BE)Y (Y A7)+ (VE)(v 7). (23)
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The first operator A is similar to the Contact model for the normal cells and
has the form

(AR)(y' ) =mo Y (F(y"\z,v~ Uz) — F(vF,77))

reyt

00 Y [at @) (FGT Upa) - Foto )y,
$67+Rd

The operator B describes the evolution of — cells, which can only disappear
from our system, so it is simply

(BE)(vh 7)) =mu ) (F(y", 7 \a) = F(y", 7).

TEYT

The last part describes the interaction of both types and is assumed to be of
the form

VR ) =3 Y (X el ) (P Ua) - Flot,v0))

zeyt yey~

The potentials a™, ¢ > 0 are assumed to be symmetric, integrable, normalized
to 1, and the constants mg, m1, AT, A~ are strictly positive. Ignoring the effects
caused by changing the types + to — and vice versa, the overall evolution should
be similar to the dynamics of the spatial logistic model with constant mortality
mg + my, dispersion ATaT and competition kernel a~ = ¢. Effects caused by
changing the type may cause waves of dying cells and by this regulate the
local density, which will prevent the explosion of the local number of cells. A
rigorous mathematical analysis and simulations are the first steps for a better
understanding of this system.
Finally let us give the kinetic description of this model.

Theorem 2.6. Let pg > 0 be essentially bounded and p; a non-negative solution
to the system of mesoscopic equations

opf I e
W(ﬁv) =—(mo+ A (pxp; )(@)py () + X" (a™ * p;")(z) (24)
85%(96) = —myp; () + A pf (2)(0* p; ) (x) + mop] (). (25)

Go-and-grow models

Here we will assume that tumour cells have two possible states. On the one
side the cells can be in a proliferating state, which we call —-state. This state
is responsible for the growth of the tumour. In the second state, called +-state,
a cell will be moving and so contribute to additional spreading of the tumour,
where the length of the distance should be large compared with the spreading
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size of the proliferation. We have the freedom to take several different types of
interactions and intensities for proliferation, movement, and changing the type
of state. Let us first summarize briefly all common effects and afterwards give
an extended description for each choice of intensities.

In principal all proliferating cells have their own development and will
spread within the system due to either the Contact model or the Contact
model with fecundity. Moreover, they will have the possibility to change their
type to moving cells by random. Such switching can be either spontaneously
or triggered by surrounding cells in dense areas. This moving cell will start to
randomly hop inside the tumour, essentially with high probability this jumps
will be far compared to the distance of proliferation. After a certain time
this moving cell will reach a substantially less dense region and will start to
proliferate again. Such microscopic dynamics may cause the creation of new
tumour patters where the distance to the old pattern is large compared to
proliferation length.

A medical difficulty is to observe such moving cells, therefore a treatment
of a tumour is essentially restricted to the treatment of proliferating cells. One
goal is to determine the front wave propagation, derive reasonable extremal
statistics, and consequently predict the size and possible locations of a signifi-
cantly wider amount of tumour cells. We expect that this kind of insights will
lead to a better understanding of the microscopic structure of the tumours and
hence to new therapeutical treatments of tumour and cancer.

In the following we will give 4 examples with concrete types of intensities
and derive their kinetic description. The moving cells will always evolve as a
free jumping process, meaning each moving cell will independent of all other
cells randomly hop within the system. In addition each moving cell will have a
density independent death of parameter d > 0. The heuristic Markov generator
for the moving cells is simply

(LhopF) (T 77 ) =d > (F(yN\a,v7) = F(v,77)

zevyt

- / o(z — y)(F(rH\z Uy, 1) — Fivh, v ))dy.

we'Y+Rd

Each model will either have different rates at which the cells will change their
state or the type of proliferation is varying.

First model

Let us assume that the proliferating cells will be described by the Contact
model, c.f. (13) and that within dense areas the proliferating cells have an in-
creased intensity to change their state to moving cells. For simplicity we assume
first, that cells within the moving state will stay an exponential distributed time
with parameter ¢ > 0 in this state and afterwards start to proliferate again.
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Changing the state is the described by the heuristic Markov generator

(VE)(" ) =a ) (FOM\e,y~ Uy) = F(v7,97))
£ (0t X el ) (FGF Uz A\~ PG ).
TEY~ yeY~\z

Here p,q > 0 are the intensities to change the type independent of all other
cells and 0 < ¢ € LY(R?) N L>®(R?) is a symmetric potential. The overall
dynamics is a superposition of all three type of dynamics and has the form
L= Loy + Lpop + V.

The kinetic description for this model is given by:

.
P o) =

ot —({e) +d+ q)pf (x) + (¢ * p ) (@) + pp; () + py (2) (@ * p; ) (x)

%_(x) = —(m+p)p; () = py (@)(* py )(x) + Aa* py ) () + gy (2).

Despite the presence of motion, this example is similar to previous one. Here
the spreading speed should be due to the motion increased, whereas in the
previous model the spreading speed is constant for exponentially integrable
dispersion kernels. The local cell number may be dumped by the motion, but
the overall particle number will still grow asymptotically as eA="=Dtp,  with
po the initial distribution of cells.

Second model

Let us include density dependent changes from moving to proliferating cells,
so the moving cell will have a small probability to change its type if it is still
in a dense area of proliferating cells. Such changes could be achieved by the
following change of the operator V'

(VE)(vF 7~ —qZ@m(—Zwﬂc— ) F(yN\z,y~"Uy) = F(v",77))

£ (o Z\ —)) (P U \e) — P y0)).

Here p, q, ¢ are the same as before and 0 < ¢ € L' (R?)NL>(R?) is a symmetric,
non-negative potential. This model will lead to the following pair of equations
describing the local densities p;", p;°

opf | _ —(prp; ) () ,F +
W(%)——(<C>+d+qe PN p () + (e % py7) ()
+ppy () + py (@) py )(2)

Ot () = — (m+ p)py (2) — pi (@) (0 % 7 ) (&) + Aa x 7 ) (@)

ot
+ qu(x)ef(w*pt (@)
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Here the cells will stay a not exponentially distributed lifetime in the moving
state. With high probability they will move until they reach an area with
less proliferating cells and start to proliferate again. Thus we expect, that the
motion outside of a pattern is higher and therefore the speed of growth of the
boundary of the tumour is increased compared to previous model.

Third model

Let us assume constant intensities p,q > 0 for changing from proliferation to
motion and vice versa, i.e. ¢ =% = 0 from the previous model, so

(VE)v 7)) =q Y (F(y"\z,y~ Uz) = F(v*,77)) (26)
+p Y (F(y" Uz, \2) = F(v",77)).

Instead, we introduce additional density dependent death of proliferating cells,
so they are self-regulating themselves, c.f. spatial logistic model. The generator
for the — cells is given in such case by

(L_F)(7) = > m(F(y", 7y \z) = F(y))

A e

+ 3 Y a@-yEFERT A \) - F(y)

TEYT yey~\=

T Z /a+($_y)(F(7+,’7_Uy)—F(v))dy

xE’YJr]Rd

and the overall generator by L = L_ 4 Lo, + V. A proliferating cell will have
an increased rate for death and will start moving according to an exponentially
distributed time with parameter p > 0. This cell will continue to move for an
another exponentially distributed time with parameter ¢ > 0 and afterwards
start to proliferate again. Such behaviour will cause a diffusion like movement
of the cells where the speed of growth of the patterns should be less then in
the previous models. Instead, here the local regulation mechanism will bound
the local density in time. Altogether this will lead to the following kinetic
description for the local densities p", p;

ap, + + =
5 (@) = —(&) +a+d)p; (2) + (cx ) (@) + ppy (2)
%(x) = —(m+p)p; (z) = p; (@)(a” % p; ) (@) + Aax p, ) (@) +gp/ ().

Fourth model

Instead of looking at density dependent mortality for self-regulation of the
proliferating cells, we could also take density dependent birth, i.e. branching
with fecundity, c.f. [8]. Here the generator is given by L = L_ + Lpo, + V,
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where L_ is given in (16) and V in (26). Using the same notations we will get
the kinetic description

o0!
ot
o0;
ot

(x) = =((e) + q + d)p () + (c* pi" ) (@) + ppy (2) (27)

(@) = —(m+p)p; (@) + A(axp;e ) (2) +qp (z).  (28)

3 General Markov evolutions on configuration
spaces

In this section we are going to summarize all necessary definitions and results,
so that we can prove the given statements of previous section. First we briefly
outline our approach for one-component systems and afterwards point out the
steps for a natural extension to two-component systems. The last part deals
with the mesoscopic scaling, here all machinery needed to derive the kinetic
description for a wide class of models is introduced.

3.1 One-component models

The phase space of the evolutions is described by locally finite configurations
vyel, ie.

F={ycR?: |ynK|<oo VK CR?bounded}.

The topology on I is defined as the smallest, such that all maps

I's~y— (f,7) :Zf(z)a feC.RY

rey

are continuous and I" equipped with this topology has the structure of a polish
space, c.f. [14], [1]. Here C.(R9) is the space of all continuous functions f on
R? with compact support. Denote by %(T") the corresponding Borel o —algebra
and remember that the space of all probability measurses on I'; i.e. states of
the system, is denoted by &. The Poisson measure 7, € & on I is defined via
the Laplace transform, c.f. [1]

70 = exp( [0 = Dp(ayn). f e CrY,

Rd

where 0 < p € L}OC(Rd). It is also possible to construct m, directly using the
projective structure of I'. Since we are not going to use this construction, we

will refer to [1]. The space of finite configurations n € I'g is

To={nCR?: |p| <oo}=||T§" (29)
neN

with I‘é") = {n C R%: |n| = n}. Also this space can be equipped with a natural
topology and the Borel o—algebra is denoted by #(Ty), c.f. [13]. Denote the
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bijective symmetrization map by

sym,, : (i—%d\); — an), (1y.oyxn) — {21, ., 20}

with (z1,...,2,) € (RY)" if and only if z; # x; for all j # k. The Lebesgue-
poisson measure on I'y is defined by

> dz(™

n=1

where dz(™) is the image measure of the Lebesgue measure dz®" on (R%)"
under the symmetrization map sym,,. Functions on I'g, will be written by
G,k : Ty — R, whereas functions on I' are denoted by F : ' — R. From
(29) we conclude that each function k respectively G : T'y — R has a de-
composition to a sequence of symmetric functions k = (k("))%‘;o respectively
G = (GM)22 ;. There is a combinatorial operator similar to Fourier transform
translating functions G : I'g — R to functions F' : I' — R. This Transforma-
tion is called K-transform, see [13], and is defined by

7 =Y G). (30)

Here the symbol € means, that the summation is taken only about all finite
configurations n C . The inverse map K ~! has the form

(K@) () = (-nI"elae).
£Cn

Expression (30) is well-defined for instance for bounded functions G having
bounded support, i.e. there is A € R? compact, N € N and C > 0 such that
|G(n)] < C, and for all n € T'y with |§| > N or n ¢ A one has G() = 0. In
such case K G is a cylindrical function on I', for details see [13].

Next introduce a convolution for measurable functions G, H : 'y — R
via

(GxH)(m) =) > GOHEUQ). (31)

£Cn (CE

This convolution will satisfy a similar property to the Fourier transform of
functions, namely

(KG)(KH) = K(G+H), (32)

provided G, H € L*(T'g,d)). This transformation allows us to associate to each
probability measure p € Z(T") with finite local moments, i.e.

/ Iy VAP (dy) < oo
I

for all compacts A C R?, a locally finite measure pu on I'g via an extension of
the relation

pu(A) = / (K1a)()u(dy), A e BTy).
I
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Let us assume, that p,, is absolutely continuous with respect to the Lebesgue-
d
Poisson measure A. then the Radon-Nikodym derivative k, = LPu is the

dA

correlation function defined in (2) (corresponding to the measure u). Con-
versely given a function k£ : I'g — R the following inverse statement for the
construction of a measure p € & from k holds. The proof can be found in [13].

Theorem 3.1. Assume that k is positive definite in the sense that

[ cnkmarm =0 (33)

T'o

for all G bounded with bounded support, such that KG > 0. Then there exists
a probability measure p on I' with correlation function k.

The Lebesgue-Poisson exponential ex(f;n) := [ f(x) satisfy the combi-
reEN

natorial formula Key(f) =ex(f + 1), i.e

Do ea(pié) =ealp+1m).

§Cn

The following equality will be useful for several computations

/ ex(pym)dA(n) = eXp( / p(x)dx)

To R4

Let us take f € C.(R%) and compute on the one-hand-side

[ et an,) = exp( [ = otz ) = [ exte! = eatoian

T Rd o

thus

/f7d7r /KeA Yea(p)dA,

r

which shows that the correlation measure for 7, is given by ex(p)dA. Finally
we will explain the approach to describe statistical dynamics on this spaces,
i.e. the approach to analyse the evolution ¢ — u;. So let us start with a
heuristic Markov generator L, e.g. (1) or (13). In the general framework of
Markov processes one would study the evolution of observables, i.e. solutions
to the equation

OF;

ot
Its solution can give the possibility to construct under certain conditions a
Markov process (X;');>0 such that

= LF;, Fili—o = Fo.

Fi(y) = E7(Fo(X4))-
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Alternatively we can try to investigate the equation for measures ug, c.f. (3).
But since we are dealing with infinite configurations, both approaches are very
difficult and it was possible to realize them only in a few examples, c.f. [16].
Instead one tries to rewrite the equation using the K —transform to an equation
for functions on I'g and investigate this equation. This approach should be
interpreted as a change of variables, so we define the operator L = K~'LK,
which acts now on functions G : ' — R and try to solve the Cauchy problem
% = LG, Gili=o = Go.
In this article we will investigate this equation in one of the following Banach
spaces
Bo = L'(Tg, e®'ldN)

with € R and the norm given by

||G||C_/|G el dA(n) Zn,/ Gz, an)|dar .. dan.

Rd)n

An evolution ¢t — Gy € B, determines a dual evolution t — kP by

/ G ko(m)dA(n) = / Go(m)kP (m)dA (1)

Fo l—‘O
and since G; € B, this dual evolution will obey the Ruelle bound
kP ()| < Ce, neTy

and hence be sub-poissonian. As already mentioned such an evolution describes
a system, which is not asymptotically clustering, but still could include some
pattern formation. It is also possible to study the equation for k; directly,
therefore using duality it is possible to compute the expression for L? directly
via

[Eermrmarm = [ cmwsnmanm

Lo To
for each function G bounded with bounded support and k locally integrable.
One special case was computed already for the first and second correlation
functions. Finally one would seek for a solution to

% = L%, kili—o = ko

and construct if possible the evolution of states ¢ — ;. This sketch has to be
realized for each model separately, like all operators L, L L have to be defined
on a proper set of functions, which is large enough to determine the evolution
of states. Note that even if we have solved the equation (4) it is not clear,
whether the evolution ¢t — k; really determines an evolution of states t — p,
and therefore is of biological interest. Such task has to be carefully proved and
was realized for several important models, c.f. [15]. The main problem is that
the evolution has to be positive definite, c.f. (33).
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3.2 Two-component models

Let us now outline the major differences of two-component models. Afterwards
it will be clear how to extend all considerations to models with any number of
components n € N. First of all let us denote by + respectively — the types of
cells and by v and v~ their (locally finite) configurations. Since no cells of
different type can be located at the same position we will assume vy Ny~ = 0,
therefore
2={(y*77): ATy el TNy =0}

Similarly the space of finite configurations I'3 and the topologies on these spaces
are defined. Since for each & € T'g the set

{nely: nne&#0}

is a set of measure zero with respect to A we can define the Lebesgue Poisson
measure A2 on I'Z as the product measure A ® A and calculate as in the one-
component case. Similarly the Poisson measure will be the product measure
of two copies of w. The K-transform is a composition of two K-transforms for
each type of cells, i.e.

(KG)(vy =Y > ¢

nteytn-ey-

and K~ is just

(K)ot )= > Y (—)IT -\ et e,

EXCnté-Cn-

The Lebesgue-Poisson exponential will be the product of the Lebesgue-Poisson
exponentials for each type of cells and the correlation functions become a dou-
ble indexed vector, i.e. k(™™ (zy,...,Zn;91,...Ym). The heuristic Markov
generator L now acts on functions F' : T2 — R and L® on collections of

correlation functions k = (k(” m))n “m=0-

3.3 Mesoscopic scaling

As before the approach to derive the kinetic description, respectively the meso-
scopic equation, can be described within three steps. In the first step one
rescales the potentials, and thus the generator L. The outcome is a new sys-
tem with smaller interactions, with generator denoted by L.. In the second
step we will choose some admissible class of initial states ko . = (k:(n)) 2o such
that

5|n|k0,e(n) - 7"0(77)7 e—=0

for each n € I'g. Finally let k¢ . be the solution of

akt,e
ot

(1) = L2kee (), (34)

where L2 is the adjoint operator to Zs = K 'L.K. We will seek for a limit

Elnlk’t’g(n) —=1(n), e—=0
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for each n € I'g and ¢t. Such limit implies that

5”kt(g)(x1,...,xn) = pe(x1) - pe(xy), =0 (35)
if ré") (1,...,2n) = po(x1) -+ pn(zy) for all n € N. This is equivalent to solve
the equations

8kren
at; = LsA,renk:,esnv kz,esn - REkO,E

and seek for the limits

lim k7" = 7, (36)
where r; solves the equation
or
87; = L@rt, Tt|lt=0 = T0- (37)
Here
L, =RLERT — Ly (38)

and (R.k)(n) = /" k(n). Summarizing this approach, we first rescale the sys-
tem and arrive at an expression for the operator Lﬁren. Form this one computes
the expression for L$. Finally putting ro = e (po) in equation (37) one deduces

the kinetic description

0
% =v(pt);, ptli=0 = po- (39)

The analysis of (36) is quite hard and needs several technical tool and such
problem should be solved for each model separately. Nevertheless it is im-
portant, since it relates the mesoscopic evolution as the limiting evolution
of the microscopic evolution. This means for instance, that starting with
ro(z1,...,2,) = po(z1)---po(x,), and denoting by p; the solution to (39),
we get for all n € N (35). The precise notion of convergence should be cho-
sen adequately to the model. In this work we will focus on (38) and compute
equations (37) and (39) for several models. However, convergence of equations
(38) does not imply convergence of solutions, i.e. (36), thus it is important to
determine conditions which imply k%" — r;. If such convergence happens to
be false in some case, then we know that this kinetic description, also if it is
well analysed, will not describe the original model and hence has no biological
significance.

4 One-component systems

Within this section we will prove the results stated in the previous section and
derive for many possible individual based interactions their related operators on
quasi-observables, correlation functions and the kinetic description. The main
technical tools introduced in the last section will be applied for each model
directly.
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We will work in scales of Banach spaces defined for « € R by B, =
LY(Ty, e*l'ld)), i.e. equivalence classes of measurable functions G : Ty — R
satisfying

1Glla = / Gl dA(n)

Fo
(]Rd)n

The dual space is given by B} = LOO(FO@*O‘Hd)\), so measurable functions
k :T'9 — R such that

||k||o = esssup |k:(n)|e_a|"| < 00. (41)
n€ly

The duality pairing is simply

(G k) = / G(n)E(n)dA(n) (42)

and satisfies |(G, k)| < ||G|lallk|lo- Let Le L(B,,B,) for each o/ < a and LA
the dual operator with respect to (42). Then

”L”aa/ = ||LAH0/04 (43)

where the norms are determined by (40) and (41). Consequently for several

aspects it is enough to analyse only the operator L. It is possible to assign to
each L a measurable function M, : I'g — R such that

1261 = [ 1EG)eaxm) / (GO Ma()e N D) = MGl
T'o
The operator (ﬂ D(M,)) is well-defined on
D(M,) ={G €B,: M, G € By} (44)

and if M, (n) < Pa(|n))e’ with some polynomial P, and § > 0, then the
estimate

kel < (1) (45)

implies L € L(Bg,By) for all @ —a’ > 6. From (43) the same estimate is
valid for L?. Practically we have only to determine the expression for M, and
analyse its growth. Concerning the construction of microscopic dynamics via
semigroups on the scale of Banach spaces B, one would compute the function
D, : Ty — R, given by

/(EG)( eI d\(n /G n)e!MdA(n).

To
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By (42) it means (L%ey(e®))(n) = Dq(n), and analyse its properties. In many
cases both functions M, and D, have a simple relation, but M, is not unique.
Similarly define Da(M,) C B, as the set of all k& € B, such that M,k € BY.
Then LA is well-defined on Da(M,,).

__ Within the mesoscopic scaling we will consider the rescaled operators
L¢ ren and 2 Denote by N, the function determined by

g, ren*

/|L€ renG(1) €M dN(n) /N NG(n) e dA(n).

Note, that in general such function does not need to exist, it will be necessary to
show that for all reasonable models under some general assumptions we can find
the function N,,. As before the operators (LE reny D(Ng )) and (L2,.,., Da(Na))

I 'ren’
are well-defined. The limiting operator LV given by LE ren — LV ase — 0
determines another function IV, V via

/\LVG (n)]e“Mdx(n) /NV NG () e dX (7).

So we define (Ly, D(NY)) and (LS, DA(NY)).

«@
Theorem 4.1. For all subsequent interactions, the following holds.

1. For any G € D(N,) N D(NY) the convergence
L8 renG = LyG, €—0

holds. If in addition there is a polynomial P and 6 > 0 such that
No(n), NY(n) < P(In)e?!, then L, L. yen and Ly act as bounded lin-
ear operators in L(B,,B,/) for any o — o' > 8 and

”Ls,ren - LV”OéCY/ —0, €—=0.

2. For any k € Da(Ny) N DA(NV) the convergence

k— L8k, =0

8 Ten

holds. And if in addition there is a polynomial P and § > 0 such that
No(n), NV (n) < P(|n))el, then LA, L2, ., and L% act as bounded linear

g, ren
operators in L(B*,, B}) for any o — o' > § and

|L2,., — LY]la'a =0, —0.

g,ren

8. If p is a solution to the corresponding kinetic description determined by
L%, c.f. (39), then ex(p:) is a solution to the Cauchy problem associated
to L%, i.e. solves the Cauchy problem (37).

In the following denote by E(z,v\z) = . ¢(z—y) the relative energy of
yev\z
the cell z with respect to the rest of the configuration v\z. Here 0 < ¢ € L}(R?)
is assumed to be symmetric. For infinite configurations such sum will be infinite
in general, but e.g. for the Poisson measure it is possible to define E(x,~\x)
for almost all v € T', such that this sum is convergent.
We will use also the following well-known result.
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Lemma 4.2. Let H : RxTg — R and G : Ty x 'y x Ty — R be measurable,
then the following formulas hold, provided one side of the corresponding equality
exists

/ZHmnd)\ //H:cnU;vdxd)\()

zEn To R4

and

[ menenann = [ [ aEnnuganeam.

Iy €7 Ty To

4.1 Death dynamics
Let us investigate here the dynamics of the microscopic event death.

Example 2 (constant mortality). The Markov generator has here the form

= m(x)(F(y\z) — F(7)),

TEY

where 0 <m € Lj}, (Rd) Each cell located in position 2 € R? has an exponen-
tial distributed hftetlme with parameter m(x). In the case when m(x) = 0, the
cell will not die due to this mechanism. The operator L on quasi-observables
has the form

xen

and likewise L? is given by the same expression. Moreover we see that it is

possible to take M, (n) = No(n) = NY(n) = 3 m(z). Since here no scaling
xen

is necessary we obtain Ly = L and L‘A, = Ly. Consequently the kinetic

description is simply

ﬁpt o
(@) = ~m(z)p(o).

Example 3 (quadratic mortality). The Markov generator is given by

= E(,7\2)(F(y\z) — F(7)).

ey

Here each cell located at position € R? may die, where the intensity of death

is given by the intensity Y ¢(z — y), i.e. the death of the cell is caused
yeY\z

by interaction with another cell located at position y € y\z. The case where

y = x is already included in the constant mortality m = m(z). The operator

for quasi-observables is now given by

== E(x,n\z)G(n) = > E(z,n\x)G(n\z)

xen ren
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and the operator on correlation functions by

(L2k)(n ZEmn\x Z/¢x— k(nUy)dy.
xen Tean
Similarly we can choose M (n) = Na(n) = . E(z,n\z) + (a)e*|n|. Within
xren

the scaling and after renormalization we arrive at new operators, where only
the multiplicative part will be multiplied by € > 0. Hence after limit transition
€ — 0 we obtain the operators for the Vlasov hierarchy given by

Lv&)m=-3 > a" G(n\z)
zE€N yen\z

and likewise

(L8R = -3 / o~ (z - y)k(n U y)dy

wEan
so that NY (1) = e*(a~)|n|. Finally the kinetic description is given by
ap _
P (@) = —pla)fa » po) (o).

Example 4. Let us look at the stronger death intensity described by the
Markov generator

=Y PN (F(\e) - F(v)),

xrey

Here each particle located at position 2 € R? may die, whereas the intensity
of such microscopic event is given by eZ@\*) "in the case of E(z,v\z) = oo
one can think of immediate death. The corresponding operator on quasi-
observables is given by

- _ Z G(€) Z eE@E\2) o (e2@=) _1:9\€)
&Cn e
and on correlation functions by

(E2R) ) = = 3B [ eree=) — 1 g)k( U ar(e).

xeEN To

We can choose the function M, (1) = Bi(a) 3 eP@M2) where
xen

Bila) = exp(eo‘ /(eqb(m) _ l)da:).

Rd

For the mesoscopic scaling let us rescale the potential as ¢ — ¢ and after
renormalization we arrive at

- dla—) _
(LerenG)(n) = = Y G(&) Y eP=E\ ey ( 777\5)

§Cn z€€
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and

ep(z—-) _
(LsA'r‘en (77) = Z eaE(m,n\z) /GA (6817 5) k(n U g)d)‘(g)

xen To

After limit transition € — 0 we arrive at
(LvG)(n) ==Y G exld(x —)in\€)
£Cn z€

and

LR =-3 / ex(6(z — ); E)k(n U £)AN(E).

atET]FO

Here we can take N, (1) = 8(a) 3 eZ@"\?) where we have to assume that
xen

«
B(a) = sup exp(e— / |es¢(@) 1|dac> < 0.
€€(0,1] € e

Finally, NY () = exp(e®{¢))|n| and for the kinetic description

0
%6t (2) = —pu(a)eté )

4.2 Birth dynamics

Here we will describe the microscopic event responsible for the appearance of
new cells.

Example 5 (Sourgailis birth). The most simple form of birth, is where in each
region A C R? the intensity that a new cell appear in A is given by [ z(z)dz
A

where 0 < z € L}, .(R?) is the intensity. Each such event is independent of the
other and describes thus free growth of the system. In this case the Markov
generator is given by

(LF)) = [ 2@)(F6 V) - FG)da

and on quasi-observables by

EG)0) = [ =0)Gl ).
Rd
For correlation functions the adjoint operator is given by

(L2k)(n) = Y 2(2)k(n\2).

xen

Take M, (n) = Na(n) = NY(n) = e=® 3 z(z). Since scaling will not affect
xTEN
this operators, we immediately arrive at the kinetic description given by

8pt
S (2) = 2(a).
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Example 6 (Gibbs-type birth). Let us assume that L is of the form
(LF)) =2 [ BN E G Ua) - F)e,
Rd

where z > 0. The creation of cells in some volume A C R? is given by the
intensity [ ze=F(®dx < z|A|, where |A| denotes the Lebesgue volume of A.
A

The operator for quasi-observables is given by
m=z) / ex(e™ @) — Lim\Qe PEOG(E Ur)da
fcan
and for correlation functions by

(L2R) () = 2 3 e Flan\e) / A€~ LR\ UEAA(E).

xen To

Here we can take M, (n) = B(a) 3 e F@N\2) where
xeEN

— exp| e _ (@)
B(a) ep(eR[H e |dx)

and N,(n) = exp(e®{¢)) ; e B@n\e) = After scaling and renormalization we
2€n
will arrive at

o—cbla—) _
(L.G)(n) = zZ/eA ( 1,77\5) e FEOGEUT)da
fcan

which tends in the limit € — 0 to

(LvG) ) ==Y / ex (6(z — ):1\6) G(€ U z)da

gcan
In the same way we obtain
—ep(z—) _ 1
LAk — Z e—cE(zn\z) / (eg; 5) k(n\z U &)dA(€)
xen To

and hence when ¢ — 0

TR =23 [ exole =) O(a\r LY.

xGnF

The function NY can be chosen as NY (1) = z exp(e®(¢))e~%|n|. Therefore the
kinetic description is given by

%(x) _ Lo @)
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Example 7 (free branching). In the simplest way free branching is described
by
w0 =Y [at @ FEnUY) - F)dy,
z€RIpy

where 0 < at € L'(R?) is symmetric. Here each cell located at position x € v

may create a new cell located at position y € R?. The intensity of such event

is given by (a*) = [ a™(2)dz and the new particle is distributed according to
Rd

the probability measure a™(z — y)dy. On the level of quasi-observables

1

(at)

this effect is described via
Z/ (x—y \nydy+Z/ (z —y)G(nUy)dy.

rEan zEan

Likewise on correlation functions it is given by

(LAk)(n)=Z/ Ha— ke Undy+ 3 S at @ — y)kna).

acEan zEN yeEN\T
It is sufficient to take M,(n) = Nao(n) = e > > Y at(z —y) + (at)|n].
TEN yEN\z

Here we can explicitly compute the correlation functions, which will be done
later on. After scaling and renormalization we observe that only the second
summands will be multiplied by € > 0. Hence in the limit we arrive at

(EvG)m =3 / a* (z — )G(n\z Uy)dy

xGT]Rd

and likewise for correlation functions L2k is given by the same expression,
namely we can chose N () = (a*)|n|. For the kinetic description we obtain

Opt
G (@) = @ p)(@).

Similarly we can also consider the case, where each cell at = € v may split into
two new cells at positions yq,y2. The intensity of such transition would be,
for simplicity, again constant (a¥). The probability distribution is given by

< +>a+(a: — 1,2 — y2)dy1dys, where 0 < at € L'(R? x RY) is symmetric in
a

both variables. The Markov generator is of the form
@) =Y [ [at @ - ) FG\ U Vi) - FO)dudse
ze'de Rd
For quasi-observables this yields

EOm = [ [t e -G o Uiy,
rEan RY

+Z/ (G(n\zUy) — G(n))dy + (a*)n|G(n),

mGan
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where b(z) = [ a(z,y)dy + [ a(y,z)dy. Likewise we can compute the adjoint
R4 R4
operator, which is given by

ABIOED DY / (@ =y, = y2)k (U z\y1 \y2)dar

Y1EM Y2€N\Y1Ra

+Z/ k(n\z Uy) — k(n))dy + (a*)k(n).

wEan
Similarly we can choose
My(n) = No(n) =€ ¢ Z Z /a(x — Y1,z — yo)dz + 3(a™)|n)|.
Y1EN y2EN\Y1pa

Within the scaling we have to multiply a* by e and afterwards rescale the
operators. Effectively it will consist only of multiplying the first term by ¢, and
after limit transition we arrive at

(LvG)(n) =" / b(z — y)(G(n\x Uy) — G(n))dy + (a™)|n|G(n)
wEan
and

(Lyk)(n) = / b(x — y)(k(n\z Uy) — k(n)dy + (a ™) Inlk(n),

xGan

so that NY (n) = 3(a™)|n|. Therefore the kinetic description is simply given by

%(m) = —(a®)pi(x) + (b* pe)(z) = ((b * py)(x) — <b+>pt(x)) + (M) pe ().

Note that the solution is increasing, e.g. if py is integrable, then the solution
pt will be integrable as well and satisfy

o (pe) = (o),

which yields (p;) = e<a+>t<p0>.

Example 8 (establishment). Let us take a look on the birth dynamics with
establishment. Here each cell located at position x € + will have a dumped
probability to produce a new cell at position y € R?, if there are many cells
around y. The Markov generator is given by

(P =Y / BNt (g — y)(F(y Uy) — F(y))dy,

wEWRd

where 0 < a™ € LY(R?) is symmetric. Each cell at position = € v will create
a new cell at position y, but the intensity of this effect is dumped by the



42 D. Finkelshtein, M. Friesen, H. Hatzikirou, Yu. Kondratiev, T. Kriger, O. Kutoviy

relative energy in the exponential. Calculations yield the following form for
the generator on quasi-observables

(LG)(n)
_ZZ/ (EUy)ex(e” Ply=) _ 1, im\E)e” B a*(x —y)dy

§Cn I€§Rd

+ Z Z / (EUye (yyé)ek(e*ﬂy—-) —1; n\{\:c)aJr(x _ y)e—¢(zfy)dy.

ECnzen\éga

Likewise we obtain for L2 on correlation functions

(L2k) ()
=30 Y et @ —y) / ex(e™* ) — 1;€)k(n U E\2)AN(E)
€N yen\z
£y e n\ac>//eA =)~ 1;8)at (@ — y)e TV k(n U g\z U y)dydA(€).

To R4

Hence M,, is given by

Ma(n) =eB@)Y > af E(z,n\z)

TEN yen\z

+ B(a){aTe?) Z e~ Blmo)

z€n
with S(a) = exp (eo‘ J 11— e‘¢(z)|dx>. Rescaling the interactions, i.e. a™ —
Rd
ea™, ¢ — ¢, putting L — éLE and rescaling both operators we arrive at
(LerenG)(m)

—eo(y—) _
==Y [Gleuye (eygl,nw) ~<BOg* (¢ — y)dy

£Cn EGERd

+ Z/ (EUy)e (y’g)ex<e

£Cn we"'l\ng

—epy—) _ {
;n\é\w> at(z —y)e W dy.

and
= 52 3 e B T L) kU awar
= e a*(z—y) [ ex faé‘ (nU&\z)dA(§)
zE€N yeEn\z To
e—sP(z—) _ 1
+ Ze—EE z,m\x) //eA ,g a+(x _ y)e—ad’(x_y)
xEN T R4

k(nU&\z Uy)dydA(E),
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which shows
Na(n) = e “exp(e Z Z
TE€N yen\z

+ exp(e®(#)){a™)|n).

The limiting operators as € — 0 are given by

e =3 Y [Gleupe-ot—mewa -y

ECnzen\Ega

and

@m0 =Y [ [ ex-ote = 500 (@~ )k U €\ U )gaNE)

TENP, Ra

and so NY (1) = (a™) exp(e®(#))|n|. Therefore the kinetic description is given
by

ap:

ot
Example 9. (fecundity) Let us take a look on the birth dynamics with fecun-
dity. Here each cell at x € v will produce new cells according to the distri-
bution a™(z — y)dy, whereas the intensity is dumped by a factor e~ Bl@\o),
The Markov generator is given by

(P = Y e Ben [at = y)(F G Uy) - Fo))dy,

xey

(z) = (at % p;)(x)e” (Pr)(@)

Rd

where 0 < o™ € L'(R?) is symmetric. Calculations yield the following form for
the generator on quasi-observables

—Y Y e EEey (e 1 \e\a) / G(§ Uy)a*(z — y)dy

ECnazen\g Rd
FY T e P, () 1) / G(EUy)at(z — y)dy.
ECn xel

Likewise we obtain for L2 on correlation functions

(LK) (n)
= [ [ e Eea Nt = yeate ) — 1k U\ Uy)dydr(©
xEnFO Rd
+y Y ¢ FEII et g —y) / ex(e @) — Ln)k(n U E\y)dA(E)
zeEN yen\z o
and hence

M, (n) = e “B(a Z Z (z—y) o= E(z,n\z)

zeN yen\z

+B(a)(ate?)n].
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1
Rescaling the interactions, i.e. a™ — ea’, ¢ — ¢, putting L — ~L. and
€

rescaling both operators we arrive at

(Ee,renG)(n)
5) —ep(z—-) _
=Y e (e /Gwy (o - y)dy
ECnzen\&
(z §\x e sple—) +
+e) Y eeF f;n\f G(EUy)a®(z —y)dy.
ECn xzEE Rd
Likewise we obtain for L2 on correlation functions
e—sPly—) _ 1
=>. / / TEWEAD G (2 — ey ( 5) k(U €\a Uy)dydA(E)
TEIN, Rd :
+e Z Z e eE@MD) 20 (2=1) o F (1 — )
zEN yen\z
e—sP(z—) _ 1
< [ e () K uewane
To
SO
No(n) = e exp(e™(#)) D D a¥(w—y)e? ™ + (a*) exp(e”(9))lnl.

z€N yen\z
The limiting operators as € — 0 are given by
LVG Z Z ex(—¢(z — ~);77\f\x)/G(§ Uy)a™(z —y)dy
£Cn 13677\5 R4
and
@0 =Y [ [ @@ - per-0— ROk Uydyare)
anFO Rd

Therefore the kinetic description is given by

apt —P*pe
o (@) = (@ (7 py)) ().

4.3 Moving cells

Here let us describe possible microscopic events, which lead to a motion of cells.
The first model describes the most simple possibility.

Example 10 (free jumps). The Markov generator of a system of free jumping
cells is given by

(P =Y / e(z — y)(F(1\z Uy) — F(2))dy,

wE’YRd
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where 0 < ¢ € L}(R?) is symmetric. Here each cell jumps independently of the
1
others according to a jump rate (¢) and a probability distribution — c¢(z—y)dy,

()

where € 7. The mechanism can be described on quasi-observables via

EIOEDSY / c(z —y)(Gn\z Uy) — G(n))dy

wEan

and L is given by the same formula. Since after scaling nothing is changed
we obtain immediately for the kinetic description

%(x) = (c*p)(z) — pe(x) = /c(a; — ) (pe(y) — pe(x))d,

Rd
which is the equation describing a random walk in continuous time. Then

functions M,, N, and N can be chosen as (c)|n|.

Another possibility of describing the free motion of particles is given by
the next example.

Example 11 (free diffusion). Let the Markov generator be given by
(LF)(7) = Y (AsF) (7).
zel

Here each cell undergoes a free diffusion independent of all other cells. Rewrit-
ing this operators to quasi-observables we arrive at

(L&) () = (AG)(n)

and likewise the expression for L? is given by the same formula. Since scaling
will not change the operators we arrive at the kinetic description
e

L (@) = Api(e).

Example 12 (jumps with additive intensity). The Markov generator for jump-
ing cells, with density dependent intensity is given by

(LE)7) = > blz— y)/C(I —2)(F(W\z U 2) — F(v))dz,

€Y yey\z Rd

where 0 < ¢,b € L'(R?) are symmetric. Each cell at € v will jump with

intensity (¢) Y. b(x —y) and the position is determined by the distribution
yey\z

—c(z — z)dz. The description via quasi-observables will give

©
EG)) =3 3 ba—y) [ el - )G\ U2) - Gtz

TEN yen\w Rd

D) by / c(x = 2)(G(n\z U 2) — G(n))dz

zTEN yen\z R
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and similarly for correlation functions

ZE / / e — y)bly — 2)(k(n\e Uy U ) — k(U 2))dydz

TENRA R
PIPILLEL [ ale = )kt v 2) - k)
TEN yEN\T R4

The rigorous derivation of the kinetic description was already done in [4]. Scal-
ing the potential as b — €b and rescaling, we see that only the last terms in L
and L? will be multiplied by e. Hence after limit transition € — 0 we arrive at

v =3 3 ba—y) [ el =GO U) - Gz

zeN yen\z R

and

(L8R =Y / / e — y)bly — 2)(k(\z Uy U 2) — k(5 U 2))dydz,
T€MNRa Rd

which yields the kinetic description

D01 (2) = e+ (b 1) - p0)(@) = (e (0% p) @) ()

Example 13 (density dependent jumps). Let 0 < ¢, ¢, c € L'(R?) symmetric

with ¢ € L®(RY), set Ey(z,v\z) = 3. é(z —y) and likewise Ey(y,7) =
yEY\@

S>> ¢(z —y) > 0. Define the formal Markov generator

TEY

(y) = ZBE¢(£,’Y\I) /e—Ew(y,v)c(x —y)(F(y\z Uy) — F(v))dy.

ey Rd

Here each cell located at = € « will have a high intensity to jump, if there are
many other cells around and due to e~ % ¥ it will prefer to jump in regions,
which have a small density of cells. Let us compute the the operator L. For
G € Bys(I'y), € v and y € v we obtain

(KG)(v\zUy) — (KG)(7)

> G- G

nEvy\zUy n€y
= Y G+ > Guy — >, G- Y, Gux)
nev\z nevy\z nev\z nev\z

> (Guy) - G(nua)).

nev\z
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Therefore using (31) and (32) we get

Z oEol\a) /ewa WD) e =¥(@=4) (1 — y) Z (G(nuy) —G(nuz))

rey a neY\z
_ Z/ @ VDe(z — y)Kea(f(z,9)(N\a) Y. (GnUy) — GnUa))dy
xE’YRd ne€\z

=Y Y [ e ()= (G Uy) - GEum)me *EVee - y)dy

TEY NEY\TRa

=33 [ er () * (G Uy) — GE U Aol — )y

ney mGn]Rd

with f(z,y;w) = e?@=®)=¥(u=®) _ 1 Again using the definition (31) we get

-3 / ex (f(.9)) % (G(-Uy) — G(- U ) (\z)e ™ @ Ve(z — y)dy

z€NR
_ Z ZeE¢(x JE\x) /e—Ew(y,ﬁ)C(x _ y)ek (f(aj’ y)’ 'r,\f) (G(f @) y) — G(g U ac))dy
§CnzeEn Rd

This yields the following formula
DD e / e Se(a —ylex (f(2.y):\E) (G(E\x Uy) — G(6) dy.
£Cn zeg Rd

Let us show that the function M, can be chosen by

p) = e n 3 e Ev@ne) / o — 1)o@ — b =1) Eo () gy

xeEN

R4
+ eea,.c ZeEd,(z,n\z) /C(.’L‘ _ y)e—Ew(ym)d%
TEN Rd

where x = ell?llz= (). So let G € D(M,,) and note that

/f(x,y;w)dw = / (e¢(f_w)—’/’(y—w) _ 1) dw < ell?llz= () = .
R4 Rd

Now using the formulas from Lemma 4.2 we arrive at
e [ [ [ et B ta ey (5w ki)
Iz R¢ R4
x |G(& Uy)|e*levdydadA(n, €)
e [ [ [ertlerBrnein et eta — y)[Ge U y)ldadydr(€)

o Rd R4
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/|G )3 e Bul 5\y)/ o — y)e—PE—0)=0E=1)  Eo (2.0 01€] 424\ (¢)

yEE

and for the second part of L at

/dA2 n,£)el “'£'Z/dyc y)ePe @D e Evw ey (| f(z,y)|;n) |G|

F2 xean

<e” / D> elels / cw — >*Ew(y@dy)|G<s>|ea‘€‘dx<s>.

rel

Since My(n) < 2(c)e " |nlellle=Inl we get for o — o/ > ||¢||L~ that L €
L(By, B, ) and

2(c)ec” ®
ela—a —¢fl=)

Turning now to correlation functions, the action of the operator L? is given by

”E”aa’ <

Z / dA(¢ /dxc — y)elormwle=EBelume\vle, (f(z,y);€) k(nUE\y U z)

yenr,

- Z/d)\ /dyc (z — y)efewn\We=EuWwmey (f(z,y);n) k(nUg)

yeny,

and similarly L* is a bounded linear operator in L(B?,,B) for each a — o’ >
l|¢||Lee. In order to see this let G € Bys(T'g) and k € B, for some « > 0, then

for the first term we get

[N [P B0eta — yhen (1o )im) GlE N Uy)dydA(n)
To

fCﬁweng
= [H0UO Y [ clo = y)eBe e B0, 1z y)in) Gl€\e U y)dydr(r. €
r2 weng

— [ [ [ o gunGie et — g)eteO e B0 e, (4, i) dadyd(n.)

2 Rd Rd

= [ [ HuUgUa\nG©)cta — y)eBe e B ey (£, y)sn) dadA(n.E).
Fg yeéRd

For the second term we have

JH S [ el = ppetae e B, (12, 4)i\€) GEAIAG)
To

SCTI xefRd

= [Kn0e) S [ et - p)eBee e, 1z, ):0) GlEdyaAn. ).

1"2 wEERd



Stochastic models of tumour development and related mesoscopic equations 49

Here we have to rescale the potentials ¢ — ¢ and ¢ — 1. Since we are inter-
ested in the limit e — 0, we will restrict the range of € to (0,1]. The rescaled
operator will have the

$OS eholee\a) / =B (g — y)

£Cn z€€ Rd
x ey (5270 _1i\€) (G(E\e Uy) — G(€))dy.

In order to get the normalized expression we have again to consider the com-
position L’"e” =R, L < Re, this leads to the following expression for L””

Y eeBeledn) / B e(z — y)ex (. (@, y)i\E) (G(E\e Uy) — G(E))dy
ECnxel RE
ped(o—w)—ed(y—w) _ |

with fo(z,y;w) = . For each fixed n € 'y this expression
€

converges to

Eva)n) = X [ el —ylen 0le ) = vly = :1\6) (GENe Uy) — GO

£Cn :CEERd

Lemma 4.3. For Ege" the corresponding function N is given by

Nu(n) = ee%z e(z — y)eEe@ndy + (c)e® Kze%(r \x)

€N, TEeN

and NY (n) = 2(c) exp(e*({¢) + ()))|n|. Moreover for each a — o' > ||¢||
the estimate holds:

’

2(c)ec” *
e(la—a —[|¢]L=)’

o

2{cye® *
ela — o —ellg]z~)

2(c) exp (e ({) + (¥)))

e(a—a)

<

~
||L5,ren||aa’ >~

”LV ”oca’

IN

for all & < a.
Proof. For this purpose we have first to estimate f.(z,y) by
| f=(2, y; w)| < el?le> gz — w)
for almost all w € R? and afterwards to use
No(n) < 2(ce®"#)|plellél=Inl. 0
Clearly we have D(M,) C D(N,) C D(NY).
Theorem 4.4. Let G € D(N,) such that |n|?el®lc=G c B, then
L*"G - LyG, €—0

i By. In addition the renormalized operator for quasi-observables converges
in the uniform operator topology of L(By, By ), i.e. the following holds

|ILv — L2l qar — 0, & — 0.
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Proof. Fix o/ < a and G € D(M,/) such that |n|?el?lc=G € B,/. Let us
divide Ly and fge” in two parts according to G(§\zUy) and G(§) and investi-
gate their differences separately. Starting with the term containing G(&\z Uy)
we obtain for the difference

o a’|n| La'|€] _
c F/ R/ R/ (7, €)dzdye 1M Ele(z — 4)|G(E U y)

B < B, (1 (2, y)im) = ex(@lw — ) — ly — ;)|

- / dA(, £)e e €11G(e)| 3 / dee(z —y)

2 yefle
0

EBE DBy e, (f (2, );m) = ex(d(w — ) = wly — Jim)|.

X

X

Using |fe (2, y; w)| < el?le= gz —w),
[fe(2, g3 w) = (92 —w) =Py —w))| < e"[p(x —w) = (y —w)|
where 1 = |6z + ] and
|66E¢(m7£\y) —1< €E¢(z,§\y)ell¢lle\E\y\ < €‘|¢||Lw‘€|6“¢HL°C|§|
the modulus in the integral can be estimated by
e=Po(e W emeBvw WD e, (£ (2, y);n) — ex(d(z — ) — (y — );m)
< e Fa(28\) _q| ‘(eEq/my,s\yUz)eA (fo(z,); n)‘

+ |em =B ey (|, ) i)
+lex (Ifz(2,9)[n) — ex(d(z =) = ¥y — )i n)

< ]|@|| oo |€|eNPNre ey ( 1911z (3 — )
+e(By(y,€\y) + w(m —y))ex (e”¢““’° ¢(:v ~ )
tee” Y lola —w) =y —w)lea(e’|¢(z =) —d(y — )i m\w).
wen

Invoking this in previous estimations one obtains with some generic constant
C > 0 independent of o, «, and ¢

ggceec"“”/ 161 G(e |Z/ oz — y)daleletel=lél g e)

I YERa
e +ry a’
+eCe /e €lG(e) IZ +{c))Ey(y,§\y)
o yeg

b eCe / e'I911G(€) |€1aA(E)
To

<e0e™ ™ [1GE1 (6P 4 14 1¢] + [€) e Flane)
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/

This shows the first part. For the second part take 0 < ¢ < W, then
Loo
B, C D(N,) and for G € B, above integral is bounded by

A P S S 1) 1G]
o€
e(a—a —|[|9[L=)*  e*(a—a)  ela—d)

§€C<

which shows the assertion for the terms containing G(€ U y\z). Similarly the
differences including G(€) can be estimated. O

For correlation functions the rescaled operator has the form

(L2k)(n)
- Z/d)\ /dxc y)eEEqb(xm\y)e—sz(mex\y)
venp,

X ey (ee‘b(m_')_w(ym) — 1;5) k(nugua\y)

- Z dA(§) /dxc(x — y)eEEMyvn\y)e—EEw(w,n)
venp, a

x ey (20w =) _1ie) k(U g).

Again computing the renormalized operator one gets similarly to the case for
quasi-observables

(LA,renk)( )

= Z/d)\ /da:c (x — y)esBo@me=eBuumUa\vley (f (2, y);€) k(nUE Uz \y)

UETIFQ

=3 [ 9 [ dueo - g)eEe e <Ee e, (£, (2,4):€) bn U )

Y<IR, Rd

and for each fixed n € I'y this operator converges to

R =Y [ e / dzc(z = y)ex (9(z ) = ¥y = ;&) k(nUE\y Ua)

yenp,

—Z/d)\ /dmcw—y)e,\@(iy—')—w(m—)f) k(n U ).

yenr,

Lemma 4.5. The renormalized opemtor on correlation functions converges in
the uniform operator topology of L(BL,,B:) to LY, i.e. for all o’ < «

a’
ILG — L2 lara — 0, = 0.
Since L27" is dual to E;e" with respect to (42) the assertion follows from

(45). Finally let us derive the kinetic description for this model. Therefore we
have to compute L&ey(p) for a function 0 < p € L>®(R?). This expression
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is given by

(LSex)(n)
=Y ex(ein\w) [ AN©) [ daeta — g)ptaler(o( — ) — by — % er(si)
yen To R4
=S ealmnlels) [ AN©) [ decla — plesély ) — (o~ Bealpi6)
yen To Rd
= Y exloinw) / daeta = y)pte) exp( [ dw (6 —w) = ply = w) o))
yEn Rd
=Y erlpnule / daef =) exp( [ dw (0l — w) — (o — w)) o))
yen Rd
=Y ealpin\y) (e o Dexp-e?)(y) = ply)el W (cx =0 (y))
and since

Apiim) = el pt,n\y W)

xTEN

we obtain for the contribution of the jumps to the mesoscopic equation the
terms

(c " (pte¢*pf)) (y)ef(w*m)(y) _ e(¢*pt)(y)(c " e’w*”t)(y)pt(y).

4.4 Free branching process

Let us recap shortly the description of the free branching process. Here the
heuristic Markov generator is given by

=mY (F(y\z) - F(v))

rey

+AY //a(x —y1, @ —y2)(F(V\x Uy Uys) — F(7))dy1dy:
xG’de R4

with constant mortality m > 0 and intensity of cell-division A > 0. The poten-
tial 0 < a € LY(R? x RY) is assumed to by symmetric in both coordinates and
the total mass is normalized to 1. This model describes a cell population, where
each cell will die with exponential distributed lifetime of parameter m > 0 and
will divide into two cells after another exponential distributed time of param-
eter A > 0. The position of the new cells is determined by the probability
distribution
a(x —y1, = — yo)dy1dyz,

where = € 7 is the position of the mother cell. The generator L is well defined
for all functions F' = K G, where G € Bps(I'g), i.e. is bounded and has bounded
support, i.e. there exist a compact A C R? and N € N such that G is bounded
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and for any n € T'g with |n| > N or ¢ A on has G(n) = 0. Following the gen-
eral approach of section 3, we are first going to calculate the operators L for
quasi-observables G' and L for correlation functions k.

Theorem 4.6. For G € Bys(Tg) the operator L= EV +Bis given by

(EvG)(n) = —(m+ N NG HZ/ (MaUy)dy  (46)

xean
with B given by
=23 [ [a—po-wGoeun v, @)
TENRI Ra
Here O < b describes the effective proliferation and is given by
o) = [ ate.vdy+ [ aly.2)dy.
Rd Rd
The function My, = MY + MPB is given by MY (n) = (m + 3\)|n| and
Bn)=xe @ Z Z /a(x -y, — y2)dz
Y1EN y2€n\y1pa
If in addition the expression

0= min{ sup /a(m — y,z)dz, sup /a(x, - y)dﬂc} (48)

yeRd a yeR4 o
18 finite, then L acts as a bounded operator from B, to By for each o/ < a.
In this case the estimate

m+3X\ | ANge~
ela —a') e a—a')?’

||E||ao/ < HEVHaa’ + HBHaa’ <

(49)

holds.
Proof. Using the K —transform we obtain for x € ~
(KG)(y\2) = (KG)(7) == > G(nux)
nEY\z
and therefore for the first part

mY (KG)(N\z) — (KG)(y)=-mY > Gnuz)

ey TEY nEY\x

= —m 33 Gl = —mK( - [G)().

neyxen
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Applying the inverse K —transform we arrive at the expression —m|n|G(n) re-
flecting the natural death of each cell. For the cell-division we first note that
for x € v and y1,y1 € ¥

(KG)(Y\x Uy Uyr) — (KG)(v)
= ) (GOuy) +GnUys) +G(nUy Uys) — G(nuz)).

ney\z
Therefore the birth-part is given by

Z//a(m—yhﬂf—yz)

TENR4 Rd

x (Gn\z Uy1) + G(n\z Uyz) + G(n\z Uy1 Uyz) — G(n)) dy1dys.

In the first two terms of the second part the integration over y; respectively ys
can be carried out, which gives together with the substitution y1,y. — ¥

Syl / oz — 1,7 — 1) (GN\& Usn) + Gn\z U ) dyndys
T€NRa Rd

—AZ/ G(n\z Uy)dy.

JcEan

Altogether we obtain formulas (46) and (47). Let us now compute M,, so let
G € D(M,,) defined in (44), then

[ 1Ecmleria < [ Evaumleiasm + [ 1BGmemaxm)

o To To

and for the ZV we get
/ LGl ax()

/ (m + Ml |Gl dA(y) + A / 3 / )G\ U )l dydA(m)

T'o By T€Ma
~ [+ nmlicmleiasm + e [ [ [ b= plceule ez
To Ty R4 Rd
/(mH)WIIG( ey +/\/Z/ )G ()| dad(n)
To To yEan

- / (m 4 Ml |G @) dA(n) + 2 / InlIG(m)]e"dA ()

Ty To
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and hence M} (1) = (m + 3\)|n|. For the second part we get

/ BG () ledA(n)

<)\/Z// (z —y1, 2 — 12)|G(n\z U y1 U ya) | dydyzdA(n)

T€Ra Rd

=e ") / > > / (@ — 1,2 — 12)|G ()] dadA(n).

Y1EN Y2 EN\Y1Ra

If (48) holds, then MZ(n) < Ae=8|n|?, which shows the estimate for the norm
Of |2l O

Let us take a closer look at L. This operator is a sum of a particle
number preserving part Ly and a upper diagonal part B. Rewrite this number
preserving part Ly in the form

(EvG)(m) = —(m — VllGm) + A3 / (G(n\x Uy) — G(n)) dy.

xEan

By previous proof we know, that (ZV, D(EV)) is a well-defined linear operator
satisfying

m + 3\
ela—a)
Let G = (G™)%2_, be the decomposition of a measurable function G : Ty — R
to its components and set for n € N

(DpG ™) (21, ..., xy)
—(m = MnG™ (z1,...,x,)

n

+>‘Z/b(xk _y) (G(n)(whafikvyavxn) - G(n)(xlaaxn)) dy
k=1

HLVHao/ <

Rd
—(m = NG (x1, ... 2n) + (A, G) Y (zy, ..., xy),

where Z; means that integration over the variable z) should be omitted. For
each n € Ny the operator LV is diagonal, i.e. it acts only on G("). The equation

aGy" n
a; = Dnng)v GE )‘t:O = G(()n)
has a solution G,E") = e*(m*A)”th(n), were Ht(") solves
oH," - n
5= A H™ H™M | =G,

Therefore let us try to understand the meaning of A,. This part describes a
Random walk in continuous time of each cell with intensity 2\ and the proba-
bility of a cell located at = € R? to jump in the region dy is given by

%b(m — y)dy.
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Lemma 4.7. D, is a bounded linear operator on L'((RH)™) and L>®((RH)™)
and the corresponding semigroup is a positive contraction semigroup. Moreover,
if N <'m, then (Lyv,D(Ly)) has an extension to a of a sub-stochastic semigroup
on B, for each a.

Proof. The first assertion is a consequence of the Beurling-Deny-Criterion, c.f.
[17]. Assume A < m and consider

EvG) ) = ~(m + NalGn) + 3 [ bl = )G\ Uy,

xEan

the second summand is positive and defined on the same domain as the negative
multiplication operator —(m + A)|n|. Now an application of [19] shows the
assertion, provided

/ (LyG)(m)eMdA(n) < 0

o
for 0 <G € D(zv). But this is true, since A < m. O

Note that also for m < M\ an evolution ¢t — G; can be constructed.
Let Gy = (Gé"))neN be measurable such that each component Gén) is inte-

grable. Then e~ (m—Mnte tA"G(") = tD"G(n) is well-defined and the vector

Gy = (etPr G(" )52 is the unique component-wise solution to

oGy ~
T

ot vGi
Gili=o = Go

This solution, if Gy € B, evolves in the scale of Banach spaces B, with
a(t) = a4 (m — A)t, ie. Gy € By, which follows from

X —(m—=X)nt a(t)n
e € n
1Gtllaw) = Z — / |€tA“G(() )(fm, coyy)|dey .. dey,
n=0 (Rd)n
<:j{: // G (@, @) |day Az, = [|Golla.
n=0 (Rd)n

The presence of the perturbation B implies that the solution cannot satisfy
Gi € By for t > 0 and any a(t). Since B sends functions of n + 1 variables
to functions of n variables it is not helpful to discuss a direct solution formula,
though it is possible. More precise results will be investigated in terms of
correlation functions.

Lemma 4.8. For k:Ty — R such that |k(n)| < |n|!C" for some constant
C > 0 the operator L™ is given by

L? =Ly + B2,
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where L‘A, is given by the same expression as EV and B® by

ER =AY Y [aw@-ps-whnuen\wde (0)

Y1€M y2EN\Y1pa
Moreover L‘A; € L(B:,B}) and if (48) holds, then B € L(B,,B%) with
HL lora = HLVHaa’ and || B*|lara = ||BHaa

Proof. For G € Bys(T'g) and k as described above, the operator LA is uniquely
determined by the pairing

/ (EG)(mk(m)dA(n) = / Gn)(IAE) (m)dA(n).
Ty T

The negative multiplication part will therefore not change and for the second
part we get by the formula from Lemma 4.2

A [ [ bl = naae unakmanm

o ;cEan
= )\/// (z —y)G(nUy)k(nU x)dydzdA(n)
T'o R4 Rd
= A/Z/ k(n U 2\y)dzG (n)dA(y).
Ty yEan
Finally
[@Eemrmarm
o
- A/Z// a(z —y1, 2 = y2) G\ U y1 U ya)dyrdyak(n)dA(n)
Iy %€Rd R
- )‘////“(x —y1,& = y2)G(n Uy Uyz)k(nUz)dedyidyzdA(n)
T'o R? R Re

S % [ale— v — kU s\ \sm)deGonar)

Iy Y1€My2€N\y1Ra

proves the assertion. The second part follows from (43). O

Again, the equation for Lé can be solved explicitly and since B2 has now
lower diagonal structure the equation

Ok
ot
has a unique solution given by a recursive formula. More precisely let ky =

(k(()"))j’lozo be non-negative and measurable such that k(()") € L™®((R9)™). De-
note by B2 the operator given by (50) taking functions from n — 1 variables

= L%k,
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to functions with n variables. The solution to (4) is given by

k§n+1) _ ef(mf)\)(n+1)tetAn+1 kén'i'l)

t
+ /ef(mf)\)(nJrl)(tfs)e(tfs)AnJrl BﬁJrlkgn)dS (51)
0

Theorem 4.9. For each ky > 0 measurable, such that k(()n) € L=®((RY)™), there
exist a unique solution ki > 0, given recursively by formula (51). If 0 is finite,
then for each initial conditions satisfying ko(n) < |n|!/C1" for some constant
C > 0, this solution obeys the bound

ki(n) < [n]N(C + )" (1 + 6)17 k5 (t) Ml = (m=lnlt

with k(t) = max{1,\, \e(m=NYIf in addition there is 6 > 0 such that
a(z,y) > a >0 for some a > 0 and all ||, |y| < 3, then for each ko(n) = C"
the solution k; cannot be sub-poissonian, i.e. for any n € 'y with:

Ve,yen, x#y: |lz—yl <9

the estimate
ki(n) > ﬁ\n\e—(m—/\)lnltm“ t>1

1
— A
holds, where B = min{C, A\, d, |Bs|} with 6 = { A\—m’ =m and |Bs| is

1, A<m
the Lebesgue volume of the Ball Bs of radius §.

Proof. For the bound from above we will proceed by induction on the number
of cells |n|. The first correlation function is given by

kgl) _ ef(mf)\)tetA1k((]1)
and hence by positivity of (e!41);>¢ and e!1C = C
D < e (m=NtC < (C 4+ £)(1 4 0)k(t)e= MV

For n - n+ 1 we get with [n| =n+1

t
kt(n-‘rl) < ef(mf)\)(n+1)t(n+1)!cn+1 _|_/67(mf)\)(n+1)(t75)6(t75)An+1B$+1k£n)d5
0
< e—(m—/\)(n+1)t(n+ 1)!Cn+1

+ (’I’L + 1)!K(t)n+1(1 + 9)n+1 ((C + t)n+1 _ Cn+1) e—(m—)\)(n+l)t
< (n + 1)'(0 + t)n+1(]. + g)n-l-lE(t)n-i-le—(m—)\)(n-i-l)t.

Here we used the fact that for s <t we have x(s) < k(t). For the second part
let k:(gn) = C", then e'4n kg = C™ and therefore kt(l) = e~ (M=tC > Be—(m=Mt,
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For n -+ n+1 and ¢ > 1 we obtain
kt(n+1) > e—(m—)\)(n—i-l)tcm—i-l
t
+ )\/e_(m_)‘)(”ﬂ)(t_s)(n + Dnae™ (m=Mns grplds| By

0
t

> e—(m—)\)(n-i-l)t/e(m—/\)sdsﬂn(n_’_l)!a)\
0
> e—(m—)\)(n+1)tﬁn+1(n_~_ 1)' ]

This Theorem shows that if the probability distribution for the new cells,
has no hard core, i.e. a(0) > 0 for continuous distributions, than the system
will consist of clusters. Appearance of such clusters are due to the operator
BA. The part L‘% contains information about asymptotic behaviour, speed of
propagation etc., whereas B contains information about correlations of the
system. Assume for simplicity, that in the cell-division the position of the new
cells are independent of each other, then we may write a(z,y) = c¢(z)c(y) for
some symmetric function 0 < ¢ € L'(R?%) normalized to 1. If for example c is
continuous and non-vanishing, then previous assumptions are satisfied and we
get the bound

ﬂnnlef(mf)\)nt < kt(n)

on R%. Hence the system will be always clustering. The same results were
shown for the case a(x,y) = c¢(z)d(y), where each cell creates a new cell and
its location is described by the kernel c¢. In contrast to this model, the old cell
will not die. Clearly such models should have the same properties. Previous
Theorem justifies the assumption, that it is enough to work with the usual
Contact Model a(z,y) = c¢(z)d(y).

Scaling

Following the general scheme of mesoscopic scaling described in previous chap-
ter, we have to scale potentials like a — ea and accelerate birth by a factor
1

—. Clearly, since the birth only consists of the a-part, this will not change

€
the operator itself, i.e. L. = L. First we will look at Quasi-observables.
In this case the renormalized operator is given by LE ren = R _1LR€, where

R.G(n) = e"G(n). Applylng this to this model, one gets L8 ren = LV 1+ ¢B.
Hence we can realize Lsﬂ,en on the same domain as L.

Lemma 4.10. For each G € D(N,) one has
Zs’renG — ZvG, e—0

in the norm || - || for each o € R. Moreover if (48) holds, the operator Ew«en
converges to Ly in the operator norm of L(Bs, By ) for each o/ < a.

Proof. Let G € D(M,), then L. ,nG — LyG = eBG € B,, which shows
the first assertion. For the second part we know B € L(B,,B,/) and thus,
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for G € B,
|ZerenG — Ly Glla = €| BGla < €| Bl|aa||Glla- O
Similarly we get.

A

e,ren

Lemma 4.11. Assume (48) holds, then for each o/ < « the operator L
converges in the operatornorm of L(B, B%) to the operator L‘A/.

Proof. Let k € B?,, then
L2, enk = LY kllo = €l B2 K|l < €] B aval ko

e,ren

implies the assertion. O

Hence mesoscopic scaling suppresses the microscopic effects like cell-correlations
etc. The resulting model has less information but is simpler to analyse. As
already shown Ly or L@ will lead to evolutions ¢t — G; or t — k3, which
can preserve the spaces B, respectively B},. Finally we will show the chaos
preservation property and derive the equations for the local densities of the
kinetic description.

Theorem 4.12. Let ko(n) = [ po(z) with 0 < py € L>®(R?). Then the
xen
unique solution to

ot
Etlt=0 = ex(po)

(52)

is given by ki(n) = [] pi(x), where py > 0 is a classical solution to the meso-

xren
scopic equation
Opt N
- =—(m+X)pe+bxp
ot
Pt|t:0 = Po-

Proof. Since for each ko = (k(()n));f’zo such that all k(()") are essentially bounded
there exists a unique solution, we have only to check that also k¢(n) = [] p¢(x)
xrEn

solves (52). Note, that for the given function py a unique classical solution for
the mesoscopic equation exists on R;. Computing

Dy > P (@)er(peim\a)

and

(Leex(p)(m) =D exlpin\z) | —(m + Npi(x) + /b(x —y)pe(y)dy

xEeN R4

we conclude that k; given by the formula is a solution. O

In this model all cells are independent of each other, which implies that
the equation in the kinetic description will be linear. Non-linearities enter
through interactions of cells. So in more realistic models the typical equation
will consist of convolutions and powers of p;.
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5 Two-component models

The extension to two-component models is straightforward. The Banach spaces
B, of functions G : T2 — R becomes B, = L*(I'2, e 7 lea” 171d)) with
a = (a*,a7) equipped with the norm

yatlnt am g _
1G]l = / GOt )l M e Gt )
F2

and the dual space of correlation functions k € B}, = L*°(T'3, emo Inlg=aTn ld)\)
with the norm

Iolla = esssup _ [kGr,m)le="n*lema bl
(nt.,n=)ersy

The dual pairing for these spaces is given by

(G k) = / GO n Y™ YA )

2
FU

and satisfies |(G, k)| < ||G||a||k|la- For pairs o/ = (a/T,a/7) and a = (o™, a7)
we will write o/ < a if /T < o and o/~ < o~ holds. In such case for an
operator L € L(B,,B,) for all ' < « and its dual operator L~ € L(B?,,B)

HZ”aa’ = ||LA||a’a

holds. Also there exists a measurable function M, : T3 — R such that

=~ i otintl o n— _
[1EGtrt e e largt )
F2
< /Ma(n)IG(n+,n’)|6“+‘"+'6a_"’_'d/\(77+,77’)7
2

so all previous methods can be applied in this extended two-component setting.

In this section we will derive, similarly as for the one-component case, all
necessary formulas to derive the kinetic description. Such list of interactions
will be not complete, but should cover most of the interesting models in cell
biology. Here we will restrict in many cases to interactions on +-cells. The case
of —-cells in the presence of interactions with +-cells can be derived in the same
way, simply exchanging all + with — and vice versa.

Define the relative energies E(z,7F) = 3 a(z —y) and E,, E, in the
yey
same way with a replaced by ¢ respectively 1. We will assume that 0 <

a,é, € L'(R?) are symmetric.

Example 14. Let us consider first consider the Markov generator

(LF)(y) = Y Ex,y )FON\z,v7) = F(v)).

zeyt



62 D. Finkelshtein, M. Friesen, H. Hatzikirou, Yu. Kondratiev, T. Kriiger, O. Kutoviy

Each cell at position z € v* can die due to the interaction Y a(z —y) with
yEYT
cells from different type. The operator on quasi-observables is given by

=3 Y al@-y)Gm) - > D ale—y)Gnt,n\y).
zent yen~ zent yen~
The functions M, and N, are in such case given by
No(n) = Ma(n) = > > al@—y)+e* (a)ln*].
zent yen=

After scaling, i.e. @ — ea and renormalization, we arrive in the limit to the

operator
(Lv =3 > alz -Gt \y),

zent yen=

which is defined on D(NY) with NY (n) = e~ (a)|n™|. The convergence holds
for each G € D(N,) in B, since only the multiplicative part is multiplied by
¢. On the level of correlation functions L* is given by

(LR ==Y Y al -y /a(:v—y)k(nﬂn‘ Uy)dy

zent yen= zENT R4

and

Lok =— Y / a(z — y)k(r,n~ Uy)dy.

1677+]Rd
Therefore the kinetic description is given by

. )
O (1) = —pf @)lar pi o), Po(a) = 0

Example 15. Let us consider here the case, where the interaction is not
quadratic in the number of particles, but exponential instead. In such case
the Markov generator is given by

F)() = 3 B eB eI F (e, 7) = ().
zeyt
The operator on quasi-observables is given by

D I

§Cnaegt
x ex(e?) = Lip\EN)ea(e?™ ) — 1 \E)G()
and on correlation functions by

(L2k)(n) = — Z B (2 \2) o B (2.07)

zent

X /ex(ew(w_') — LEN)ea (") — 1€ )k(n U AN (€),

2
r‘0
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where

+) — at P(z) _ 7 -y — o~ o(z) ’
Sulat) = exp(e / () ~1)dz), Byla”) = exp(e /( 1)de)
and

Mu(n) = By(a )ﬁ¢ Z B (@0 \2) By (z,n7)

zent

The rescaled operators EsmenG have for n € I‘(Q) the form

_ Z Z eaEw(m,&”*\:p)eaEd,(w,E*)

ECnxeet
ef¥(@—) _ 1 e efP(@—) _
xer (e e (e ) 6t

and on correlation functions L8 renk 1S given by

. Z GEELZ) (CE,T]+\:E) 65E¢(w»"7_)

16n+
ep(z—) _ ep(z—) _
« [ e (egl;ﬁ) ex <515> KU,

r3
S0)
w (o) £ ep(z) _
Byla™) Eggﬂexp( . R[ (e 1)dfc),
(o) — [ o) _
Bs(a™) Sup e | = R[ (e 1)dx
and
Na(n) = By(0h)83(07) 32 ePrlen™\ehuten),
zent
Taking the limit € — 0 we obtain
T ) = -3 3 ex@la — Jin \e)ea(@(e — )i \E)G(E)
ECnzeg—
and
@R == 3 [extble = e e(6le — )€ MMUODE),
;CE?7+F(2)

so NY (n) = exp(e®’ (1) +e* (¢))|n*]. Finally we sce that the kinetic descrip-
tion is given by

0P () — b () o0 (@) 07 @) OPE (o
001 (2) = ~pt (@)e QB
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Example 16. Let us look at the model with fecundity including interactions
with both types of cells. The Markov generator is given by

(LF)(7) = Y e Pelen e Pulrain) /a+(ﬂf —y)(F(y"Uy,y") = F(v))dy,

zeyt Rd

where Ey, Fy are given by the same expressions as in the previous example.
In such case the operator on quasi-observables is given by

(LE)m) = Y e el e Puleti)
ECnzeet
X /a’(w - y)e,\(e_‘z’(””_') - 1;77_\5_)6/\(6_7’0(35_’) _ 1;77+\£+)
Rd

X (G(EN\z Uy, &)+ G(EM Uy, 7))dy

and on correlation functions by

(LAk)(n) = Z //a(ﬂc —y)k(nué\y U xk—m(w,n’)e—Ew(z,,,Jr\y)

y€n+rg R4
xex(e” ) — 1,67 Jea(e V) — 1;,67)dwd A ()
+ Z Z a(z — y)e Ben )e=Eulwn\)
zent yent\z
. / k(U &\yex(e ™) = 1€ )ea(e ™) — 1;¢H)dN3(6).

2
1—‘0

Hence M, can be chosen as

Ma(n) = Bu(a®)Bs(a”) D /a(l’ — y)er e Felmn e Eu(rn ) g

yENtRa

n e*‘ﬁﬁw(aﬂﬂqa(of) Z Z a(x — y)eff%(ym’)eﬂ‘fu)(y,n*\y)7

zent yent\z
where By(a™) = exp(eo‘+ Ja- e_w(z))dUC) and By(a”) = eXP(eOF S -
R4 R
1
e“i’(w))dx). Rescaling a — €a, ¢ — ¢, ¥ — &1, putting - in front of the

generator and renormalizing, we arrive at

~

(LerenG)(n)
) —ep(z—) _q
_ Z Z e_EEdJ(a:’g )e—€E¢($7£+\w) /a(x — y)e)\ <68;77_\§_)
ECnzeet R4

eIy + - + -
xex| "\ ) (GEN\e Uy, &7) +eG(E7 Uy, &7))dy
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and on correlation functions at

(LErenk) ()

= Z //a(x - y)k(T} U g\y @] :L')e—EE(i,(_»L-’n*)e_EEw(w7n+\y)

yEn+Fng

—eplz—) _q —ep(z—) _q
(Y (T vt

9

+ g Z Z a(a: — y)eisE‘f’(yvni)eisz(yvn+\y)

zent yEnt\z

—ep(x—-) _ e—c¥(z—) _
X /k(nui\y)eA <€€1§§_> ex (517§+> d)\Q(f)-
r3

This yields
Na() = exp(e” () + ¢ () ((ac”) 1 +e" 3 Y ale—v)).
zent yent\z
Taking the limit € — 0, we arrive at
(LvG)m) = Z/ ex(=o(z —);n \¢7)
anI€§+Rd
xex(=(z =) \ENGEN\z Uy, §7)dy
and
(Lek)(n) = > a(z —y)k(nU\yU )
yenﬂ«{R[
x ex(=p(x —); €7 )ea(—(x —-); €7)dwdA* (€)
and hence NY (1) = exp(e® (V) + € ($))(a)|n*|. Thus the kinetic description

is given by

00 (1) — (ax ) (@)e- @D @@ OPL
W(fﬂ)—(a*m)( z)e W(l‘)—o-

Example 17. Another possibility is, where each —-cell creates a new +-cell
independent of all other cells. Such free branching is described by the formal
Markov generator

P = 3 [ale -G Uy - F)dy.
$€77Rd
On quasi-observables it is described via

T = Y [ ale -Gt Uy oy

wEW’Rd

+Z/ )G Uy, )dy

ren— R4
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and on correlation functions via

1) = 3 [ ale =kt Ve

YENTRa

+ ) ) al k(™ \y,n").

r€N~T yeENnT

Hence the functions M, = N, can be chosen as M, (n) = g=a+a” (a)|n™] +

—a® ST > alx —y). After scaling we arrive at
z€EN— yent

EvG)m = Y / a(z — y)Glr+ Uy, g \z)dy

TEN Rd

and

(L8R = 3 / oz — y)k(r \y, ™ Uz)da

y€n+Rd
so that MY (n) = e~ T (a)|n*|. Finally the kinetic description is given by

opf v Opr
P @) = (axpr)(a), L) =0,

Example 18. Let us investigate here the case of jumping particles. For sim-
plicity let us only consider the case of additive intensities, i.e.

(LR = Y Eq) / e(z — 9)(F(y\e Uy.y™) — F(7))dy,

zeyt Rd

where 0 < a € L'(R?) is symmetric. In such case the operator on quasi-
observables is given by

(LG)(n)
)3 S ae—w)6m) —(0) Y. Y ale —w)GHt, T \w)
zeENtT wen— zent wen—
3 S ae—w) / e( — 9)(Gr U\e,n~\w) + Gt U\e, ™ ))dy
zeENtT wen— R4

and on correlation functions by

(L2k)(n Z Z —{c) Z /a(ac —w)k(nT,n” Uw)dw

zeNt wen— wEn‘*’Rd
+ Z a(z —w)e(r — y)k(n\yUz,n~ Uw)dzdw
y6n+Rde

+ Y Y [ ofe—wiete — whlrt\g ),

yENT wENT pa
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thus M, = N, with

)Y D ale—w)+2Ac)a)e® [t + Y D (axe)(z —w).

zeNtT wen— zeNtT wen—

Scaling the potentials means a — a and after renormalization and limit tran-
sition € — 0 we arrive at

(LvG)(n © > > a G(nt,n™\w)

zeENT wen—
£ Y ale—w) / clw— 1) Uy\a.n)dy
zent wen— R4

and

@00 =) Y [ ale—w)ktrt o Uw)de
96677+]Rd

+ Z //a(x —w)e(r —y)k(nT\y Uz, n~ Uw)dzdw,
ye"erd Rd

so NY(n) = 2(c){a)e* |n*|. Therefore the kinetic description is given by
dops _ _ dpy
T (@) = (ex (@ p))pD)(@) = (@ax o) @)/ (@), (@) =0.

Let us now look at interactions, where it is allowed to change the type of
cells. We will only investigate the change from + to — cells, whereas the other
case can be obtained, by simply exchanging all + with — and vice versa.

Example 19. In the simplest case, the intensity to change from + to — is
constant, here ¢ > 0. In such case the Markov generator has the form

F)(v)=q Y (F(y"\z,v~ Uz) - F(v)).

It is not difficult to see, that in this case the operator on quasi-observables will
have the form

(L&) () = —alnt1G) +¢ Y G \z,n~ Uxz)

zent

and on correlation functions it will be given by

(L2k)(n) = —=aIn* k() + ¢ > k(n* Uz, n~\x),

reENT
s0 Mo(n) = Na(n) = NY(n) = qln™| + ge* =@ |n~|. Since on scaling is

necessary here, we immediately obtain the kinetic description

Ay o+ p; o+
W(x) = —qp; (z), W(ﬂc) = qp; (7).
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Example 20. Let us consider density dependent changes of types, where the
intensity depends on the same type of particles, in such case the Markov gen-
erator is given by

(LF)() = Y El@,y")(F(M\e,7~ Uz) - F(7)).
zevyt
The generator on quasi-observables is given by

(LG)(m) = —B( -> Y a G "\y,n")

zent yent\z

+> > a G \e\y,n~ Ux)

zent yent\z

—|—Z Z G(nt\z,n~ Ux)

zent yEnt\z
where E(nT) = Y Y a(z —y). Similarly we can compute the operator

zent yent\z
for correlation functions and obtain

(LAR) () = —B(r)Gm) — 3 / a(z — y)k(r* Uy, )dy

r€n+Rd
—|—Z/ k(nt Uz Uy, \z)dy
ren~ Rd
+ 2 > alz =yt U0 \e),
zen~ yent

which implies M, = N, given by

Ma(n) = BGrt) + e @l + e = (@)~ | +e* 7 3 3 a(e -
zen~ yent

Scaling @ — €a and renormalizing we arrive at

Lv&m=-> > a G \y,n™)

zent yent\z

+Y. Y a G(n"\z\y,n~ Uz)

zent yent\z
and

@R ==Y [ ate -yt Uy )y

m€n+Rd

+ Y [ate =kt Ue Uy o,
TEN Rd

so NY (1) = e (a)|n*| + €2 == (a)|n~|. Therefore the kinetic description is
given by

. )
O (1) = —pf @)ar 5 o), P (@) = pf (@) ) )
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Example 21. In this case the intensity to change the type dependent on the
collection of cells of different type, here the Markov generator has the form

= Y E(x,y ) (F(yN\z,v~ Uz) — F(y)).
zeyt
Some computations yield

-3 S a@-y»Gm -3 Y a@ - y)Gtoy\y)

zent yen=

zent yen-
+ ) al G(n™\a,n~ Uz\y)
zent yen~
£ Y a6 U
ze€nt yen=

and

2R = Y Y ale -kt = Y [ ale =kt uydy

zent yen~

1€n+Rd
+Z/ k(nT Uz, n~ Uy\z)dy
TEN R4

+Y > a k(i Uy,n\y).

zENT yEN~\z
This yields M, = N, with
o at — at—a~
m= > > ale—y)+e* (a)nt+e (a)ln”|+e >
rent yen— zENT yeEN\x

Scaling a — ea and renormalizing we obtain

LvG)m) == > al G n~\y)

zent yen~

+ > > al G(n\z,n~ Uz\y)

zent yen~

and

(AR = - 3 / oz — )k, Uy)dy

I67+Rd

+ Y [ale ikt va Uy,
TEN Rd
so NY (1) = e (a)|nT| + e (a)|n~|. Finally the kinetic equation is given by

. )
L () = —pf @)ar pi o), (@) = pf (@)(a s i ) ()
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Example 22. Let us take here exponential decaying intensities for changing
the type. More precisely the Markov generator is given by

(LF)(3) = Y e Beler e Betaa NI (P (3@~ U) = F(3)),

zevyt

The operator on quasi-observables is given by

=) Y e e PN (G \r 6 V) - G(9)

ECnzett
xex(e ) — LT\ Jea(e VT — L AeY)

and on correlation functions by

(L2K)(n)
— Z 67E¢(:E,’I7_\I) 67E7J1 (z177+)

xren—

X / ex(e7? ) — e )en(e ) — LeNk(nT UL Ua,n” UE \2)dN?(€)

_ Z e~ Eo(xn™) =By (z,n"\2)

zent

x / ex(e @) — L )er(e 0 — 1P )k(n U E)AN (),

g

which implies

Ma(n) _ a —a~ ﬂw Z efEd,(a:,n 7E¢(z,77_\a:)
xren—
+ By (a™) By Z e~ Bu(@n™\a) o= Eg(zn7)
zent
with
By(a) =exp (ea+ /(1 - e_w(x))dx), Be(a™) exp(e(f /(1 - e_¢(x))dx).
Rd Rd

Scaling ¢,v — ¢, 1) and renormalize we obtain

(LerenG) () =Y 3 esBo@e ) emeBue@t ) (G(e M\, €7 U ) — G(€))

§Cnacet

675425(9:7') — ]_ _ _ e*&"(/l(zf) _ 1
co (e o (T e
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and
(Lﬁrm1k>0n
— Z e—sEd}(m,n*\r)e—sE,¢(m,n+)
ren—
—ep(z—) _q —ep(z—) _ 1
[ (T o ()
€ €
r3
X k(T UET Uz, n™ U \a2)dA ()
_ Z e~ Bs(z:n7) g—eBy (z.n*\x)
zent
e—e¢@—) 1 e—¥(@—) _ 1
X /e)\ (675 ) ex <€;£+ k(nuf)d)\2(£)
rg
so that

+

No () = exp(e®” (1) + € (8))(e™ = I~ |+ In*]) = NY ().

In the limit € — 0 we arrive at

(EVG)(U)
=3 (GEN\x, & Ur) = G©))ea(—d(x —)in \E )ea(=v(x — );nT\ET)

ECnxeet

and

(Lyk)(n)
= /ex(—aﬁ(x — ;€ )ea(=y(x —); €Nk UET Ur, T UE \2)dN?(€)

renfl—‘g

> / ex(—(a — )€ )er(—tbla — ) ENk(n U AN (E)

:CE?7+F3
and hence the kinetic description is given by

dp/

5 (z) = — +(z)ef(¢*p[)(w)ef(w*p§’)(x) %(I) — pj(x)ef(w;)(m)ef(w*p?)(z)_
t )

Py at

5.1 Cell-death model

Let us start with the analysis of the first model stated in the context of two-
component systems, the heuristic Markov generator is given by, c.f. (23),

(LF)(v",77) = (AF)(v",7y7) + (BF) (v 77 ) + (VE)(v",v7).
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The first operator A is the Contact Model for usual cells and has the form

(LomF) vy ) =mo > (F(y"\&,y~ Uz) = F(v*,77))

+A Y /a(w—y)(F(7+Uym‘)—F(vﬂv‘))dy.
1€W+Rd

The operator B describes the evolution of — cells, which can only disappear
from the system, so it has the simple form

(BF)(v",v™) =m Z (V"7 \e) = F(y",97).

The last part describes the interaction of both types and is assumed to be of
the form

(VE)y vy ) =2 ) Z F(y"N\z,y~Uz) = F(y",y7)).

The intensities mg, m1, A, A~ are strictly positive and the potentials 0 < a, ¢ €
Ll(Rd) are symmetric and normalized to 1. In [9] the general form of L =

A+ B+V was computed for G € Bys(T3). In this special case we get

(AG)(*.n7) = —moln*|G" ™) +mo Y Gly\w,n~ Ua)

zent
+A Y /a(:ﬂ—y)G(W\ny,n‘)dy
m€n+Rd
+A Z/ )G(n" Uy, n7)dy
z€n+Rd

for the first part
(BG)(n™" ™) = —maln”|G(n*,n7)
for the second part, and finally

V&)t ) =AY Z GOr\e,n~ Uz\y) — Gt 07 \y))
+AT Y Z Gi\w,n~ Ux) = Gn",n7)),

Let us first realize this operator on the Banach space B,,.

Lemma 5.1. The corresponding function My = M2 + MPB 4+ MY is given by

MAG n7) = (mo+ ¢ = me + Nt + 2" 3 S

zent yent\z
MB(mt ™) =maln”|
— — (0 at) — — at—a~
MY (" n7) = A7 (e |nt[+e In )+ A"e >y

zeEN~ yeEN~\z
+ A7 Z Z oz —

zentT yen~

If a,p € L®(RY), then L € L(By,By) for any o < .
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Proof. Let G € D(M,), then clearly A\G,B\G € B, so we will only check
VG € B,, which follows from

/Z S ol@ = IGmH\a,n~ Ua\y)le 17 eI laxmt )

rz vEnt yen-

Tta~ - aTnt| a”n” -
* ///w(fc—y)lG(n+,n Ua)le® " e I ldzdydA(nT,n7)

r2 R Re
— ot _ + ) It e In | + -
=e /Z /cp(fﬂ YIG T 7 )le I e I ldyd A (™, ™)
rz *E€N Rd
+ _ _ _
= et [ b6 N

r3
and

/Z S el —IGH \e,n~ U)le 1T eI lan(mt,y7)

rz v€nt yen-

—e [ Y / oz — 9)|Glrt,~ Uz)e I

r2 YEN Rd

/Z ST ela—yIGHT e T e I g,

1“(2) rzen— yen—\z

+‘ea7

I ldzdA(nt,n7)

The contributions from the negative parts can be dealt in the same way and
the estimate for ||L||aa/ can be shown like in the one-component case. O

Again the computation of the operator L® was done for a more general
case in [9] which shows that for |k(n)| < |n|!C!"! for some C' > 0 the operator
A = A2 4+ B2 + VA is given by

(A2E) (" ,n7) = —moln Ikt 07 )+ D k(T Ua,n\2)
ren~

+)\Z/ k(n™\zUy,n " )dy

$EW+Rd

+AY D> a k(M \z,n7)

zent yent\z

and

(Bk)(n".n™) = —maln” [k(n",n7)|
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and
VARt ) =2 Y /w(w —yk(n™ Ua,n” Uy\a)dy
TEN Rd

—A" Y [ ele =gkt n” Uy)dy

r€n+Rd

+ A" Z Z k(ntuax,n\r)

z€NT yeEn~\z

=AY D ela—yk(tn).

zent yen-

As before (43) can be used to realize L on B,

Scaling

For scaling let us scale the potentials a, ¢ to ea and €y, then the renormalized
operator will have the form L rcp, = Ly + eC given by

(LyG) (™ n7) = —moln |Gt ™) — maln™ |Gt n7)
+ > G\ Ux)+ A Y [ alz —y)Gnt\z Uy)dy

rent zEn*Rd
+ )Y e G(n\z,n~ Uz\y) — G(n",n"\y))
zent yen=

and
=2y /a(a: —y)G(n" Uy,n7)dy

AT o Gn\z,n~ Uz) — G, n7))

z€nt yen=

Therefore the function the function Ny, is given by M. Concerning convergence
of the generators we obtain the following.

Theorem 5.2. For each G € D(N,)
LeyenG = LyG, &0
in By. If a,o € L®(RY), then for all o < «
IZeren = Lvllaar = 0, €0

holds.
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The dual operators can be simply computed and are given by:

(LR (™ ™) = —moly |k(n*n™) = maln” [k(n*,07) + Y k(" Uz,n™\z)

ren—
A Y [ ate— gk \e Uy )y
$€n+Rd
+AT Y /w(m —yk(nT Uz,n” Uy\z)dy
TEN R4
- A7 /w(m —y)k(nt,n~ Uy)dy
96677+Rd

and

(k) )==A" Y > ol k(n",n7)

zeENtT yeEn~

+AT YD e —yk(nt ua,n\a)
FAD D ale—yk\z, ).

zent yent\z
If a,p € L=(R?), then

|2, en — LY lara — 0, € — 0.

g, ren

Let us finally compute Ley(pT)ex(p™) and derive from this the kinetic de-
scription.

(Lyex(pea(p™)) (T n7)

= > [ el@—y)pt @) WealpTsnMealp 0 \2)

TEN Rd

-y / oz — Yot @er(pt s\ (wea(o™ 1)
r€n+Rd

— > mopt(@ex(pin \w)ea(pTin )

- Z map” (@)ex(p”sn \y)ea(pin™T)

+ ) A/a(ﬂf*y)P*(y)dyeA(pﬂn*\w)ex(p*;n’)
w€n+ Rd

+ Y mopt(@ex(ptintea(pTin " \a)
ren—
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and thus the system of equations for pj~ and p; is given by, c.f. (24)

655 () = —map; (x) + pi (z) (0 * p; )(x) + mop] ()
35; (z) = —(mo + (¢ * p; ) (@) p] (z) + (a* p; ) ()

5.2 Go-or-grow models
First model

Here the first model is given by L = Loar 4+ Luop + V, where Loy is given by

(LemF) (v, y7) =m Z Ty \e) = F(y' 7))
Sy / oz — y)(F(r+,7~ Uz) — Pyt )dy
mE’Y’Rd

and is describing the proliferation of the —-cells. The density independent
intensity of death is given by m > 0 and the proliferation intensity by A > 0.
The kernel 0 < a € L'(R?) is again symmetric and normalized to 1. The motion
of the moving +-cells is described by

(LnopE) (v =d Z +\x 7)== F(v" 7))
+ Y [ ew—y)(FOyN\eUy,y7) = F(y",97))dy.
JJE’Y"'Rd

Here we included also density independent mortality of the moving cells with
intensity d > 0. The microscopic behaviour to change from one type (state) to
another is given by

VE) (v ) =g Y (FOy"\a,y" Uy) = F(v",77))

+ Y |p+ D -y | (FOy Uz \2) - F(y"y7).
zEYT yey~\=

The operator for quasi-observables L= EC M+ E;wp +Vis given by, c.f. [9]

V&) =q > (G \e,n~ Uz) = Gy ,n7))
+p Y (Gt v, \x) = G(ntn))

+ Y. > ela—y) (Gt uzn \2\y) - Gnt,n\y))

r€NT yeEN~\z

+ 3 Y el -y GO Uz \e) = Gt )

z€NT yeEN~\z
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and
(Lnop@) ('t m7) = =dln* |Gy ,n7)
+ Y [ ele =@ty ) - Gt ).

37677+]Rd

The expression for Zc ar is similar to those before and is given by

(LomG)(ntn™) = —mln~ |Gt )+ A Y /a(w — )Gt n\z Uy)dy
xen*Rd

+AZ/ )G(nT,n~ Uy)dy.

ren— Rd

Lemma 5.3. The function M, = MSM + M"™P + MY is given by

MY () = (mA+ N[+ xe” S Y

TENT TENT\Y
M"P(n*,n7) = (d+2(c)|n*|
MY (" 07) = Intl(g +pe ~0T 4 e 70T ()
+ I + q + (e)

FY Y sl Y Y

zEN~ yeEn"\z zent yen~

+

If a,p € L=(R?) then Le L(By,By) for any o < a.

Proof. We will only compute the function MY for three terms, the rest can be
done in the same way.

S 3 wle—yIGHt ue g \a\y)le® e At )
rz T€n” yen- \z
= / / / oz — )Gt Ua,n)le e Il dzdydA(nt, n7)
I'2 Rd Rd
_ 20 —at + (et it ] + -
—e > @ —yIGnt,n7)le* M e I ldyda(m*, g )

Fz Rd zent

o —a ofr + o |nT —
& /|n+||Gn e I eI LAt )

and

ST wla—pIGET a\ple T e lan (T )

Fg zeN~ yen—\z
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= [ [ o=t o uale e dadyan )

2 Re R4

= e /Z /@(mfy)IG(nﬂn*)|ea+|n+\ea—|n‘\dyd)\z(w’n,)

rz *€n Ra

<e (o) [T lGu e e I lax )

3

and, finally,

/Z S ple—IGHt Uz \x)|e T e AT, g )

r2 €N yen” \z

—e [ Y / oz — |G Ua,y e

F2 yen_Rd

et e /Z 37 wlw—)IGet e T e lann T, 7). O

r2 zent yen~

+\€a_

T ldad\2 ()

Next we easily see that
(Livopk) (0 507) = =dln ™ [k(n* ™)
+ 30 [ elw =)t \e L) = K )dy
xEﬂ+Rd
and

VARt ™) = Y k" Ua,n \ae) =gl Ikt n)
ren—

+p Yk M\e,n” V) —pln” [k(rTn7)

zent

—I—Z/ k(n™\z,n~ Uz Uy)dy

1677+Rd

+ZZ k(n™\z,n~ Ux)

zent yen=

-y /w(w — k(™. Uy)dy

JEETI’Rd

-3 > k(n™,n7).

zEN~ yEN~\z

Again under the conditions a, ¢ € L°°(R?) this expression can be well-defined
as an element of L(B*

*,,B) with the same norm estimate as ||L||qq/-
In previous section the kinetic description for each term contained in L was

derived, so let us give only a short outline how it works in this particular case.
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Since the jumping part is free, c.f. ¢ = 0 = @ from previous section, the
operator Ly, will not change after renormalization. So let us scale the potential
i by ep. This will lead to the renormalized operator

(Veren@ 0 n7) =a Y (G \e,n™ Uz) = G(n*,n7))

zent

+p Y (Gt Ua,n\e) = GnT,n7))

TeN~"

+ Y > ela—y(Gntuzn\x\y) - Gnt,n\y))

z€N~ yeEn~\z

+ed Y pa—y(GHntuzn\z)-Gnt,n))

z€NT yeEN~\z
and thus we get.

Theorem 5.4. For each G € D(M,,) we have EevmnG € B, and
EwenG — EVG, e—0

in By, where Ev - A+ Ehop + f/\v s a superposition of the limiting part for
the contact model, the operator Ly, and

W&t n ) =q Y (GH\z,n~ Uz) — Gt y7))

zent
+p Y (Gt U, \&) = GnT,n7))
+Y Y e (G Uz, \z\y) — G0 \y)).

zEN~ yEn~\z
Assume a, € L™, then for all o' < «
||L5,ren - LV”ao/ — O, e —0.

and A was given above.

The same result holds for correlation function operators with

V2Rt n) =q Y k(T U, \x) —qlntk(nt,n7)

reEN™
=p > k(p\a,n~ Uz) = pln~ k(nT,n7)
zent
+Z/ Yk \z,n” Uz Uy)dy
$€ﬂ+Rd

- Z/ k(™™ Uy)dy.

xen" R4
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Let us now compute (Viex(p)ex(p™))(n*,n~). This is given by

(Vvealp +> ( Nt n)
=q Z p(@)ex(ptinexlp™in \x)

—q Y pr@exptin \w)ealp in")

+p Y p (@ex(pin ealptin™\x)

—p Z p™(@ex(p™in \x)ex(p™5m )

+ ) ealptint\a) ex(p’;n’)p’(x)/w(x*y)p’(y)dy
zent Rd

=Y eptint ex(p‘;n‘)p‘(ff)/w(w—y)p‘(y)dy
renT R4

and hence the kinetic description is given by

O @) = =0 4+ (@) + (e p7)a) 450 (0) (@) 1) 0
%(””) =—(m+p)p~(z) + Ma*p~) (@) — p~ (2) (0% p7)(x) + qp™ (2).

Second model

Now let us investigate the second model. Here L = Loar + Lpop + V- with the
operator V' = V; + V; slightly changed to

V() =g 3 exp(, ORICES’ ) (FOr ey~ Ug) — 7))
£ (ot 2 pla— ) )(F(* Uy \a) = F(r* 7)),
zEYT yeY~\z

and therefore the rate of changing from + to — cells is also density dependent.
Clearly all results except these concerning V; still hold true, so let us only
investigate this part. The expression for quasi-observables is given by

(VG )
=3 3 B e @) Ly )G\ € Ua) - Gl €))

zent - Cn~
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Lemma 5.5. The function M, is given by My = MSM + M"eP + MY | where
MEM and M"°P are given as in the Cell-death model and

_ - ot - ot _ - ot
M (it 7)) = It lpe® — + T @) F I+ e T (p)

+3 Y ey e YD -

z€N~ yeEn~\= zent yen-

—\ at—a~ — x x - xz
_'_q/Bw(a )e Z Eﬂf’( 7n\)+q6¢ ZeEw( 777)

xeENT xent

By(a™) = exp<e“_ /(1 _ e*w(z))dz)'

Rd
If p,a € L®(R%), then L € L(By,By) for all o < a.
Proof. This follows from

[ X (e — 1)

rz @€t & Cn”

where

x |G(nH\z, € u:e>| ol gaIn” 'dwn 1)

ot ] e

2 R4 Iy

X |G, € ua)|e I leo I o I g (€ ) dadA2 (i, 7)
= Bulan)er = [(30 B )Gt € e e TNy )

F2 FASI

and
[ 3 e — 1)
rz T€nt & Cn
N at ot a0 _
x |Gy, ) e I e AN (it )

Fg QL‘E’VI+FO
x |Gy, €7 e I lea I lea I Tan e ) AN (it )
= pule) (32 e )iGar e e 1 lan 6 6. O

PR <t/R
ra

Since 1 is non-negative we can skip the terms containing ¢ in the definition
of the domain, i.e. if MY = MY* + qMY2, then

D(M,)={GeB, : M"*G,M{MG,M)'G €B,},
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where Mx;h ., contains the terms for switching — to + cells and V5 corresponds
to the switching of + to — cells. The operator for correlation functions is

(VQAk)(nJ’_’ 77_)
oot rtm e

Easy/n Ty
= Y e e ) S Lk UEIAE):
zeNt To

The scaling a, p,1 — £a,ep,e9) leads to the new renormalized expression for
Vv&e,ren

—~ _ —ep(z—) _ 1
+ ) — § § —eBy(x,£7) ¢ o\ £
(V2,s,renG) (77 1 ) € Ex < c 3N \g )

zeENt £~ Cn—
x (G(n™\z, & Uz) = G(n*,£7))

and thus to the limiting hierarchical operator

VvG) ) =Y > exl=v(z—)in \e )G \z,&" Uz) - Gn*,€).

zeENtT E-Cn—

Theorem 5.6. Assume 1 € L'(R?) N L2(RY), then for all G € D(M,,) such
that > Y WY(z—y)Ge€By and Y. > Y(r—y)G € B, the convergence

z€E~ ye&\z zent yes—
fg’renG — EVG for e — 0 holds in B,. If in addition a,p,v € L>(R?) then
forall & < « R R
||Le,ren — LV”ao/ — O, e —0.

Proof. Let us first estimate
|(Vie,renG)(n) — (Vi,v G)(n)]

<Y Y G0N ur) -Gt &)

zent £~ Cn~

X |€75E¢(ma§7)e)\ (

(e _

3

1
;n\€> —ex(=v(z =) \&)|
and then the modulus in the sum by
_ —ep(z—) _ 1
|7 Fu et e, (%;n‘\ﬁ‘) —ex(=v(@— )\

_ eY(z—) _ 1
<1 — e o Fw@E) ey <|6| n\&™ )
3

e—¥(z—) _ 1
) (6;77\5> —ex(—y(z — )777\5)‘
<eBy(x, & )ex(¥(x —-);n \E7)

+
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e—ep(a—w) _
S %wmw) ex(b(z = )i\ \w)
wen~\§~
<eBy(x, & )ex(@(@— )i \E ) +e Y vl —w) ez —-)in \& \w).

wen~\§~

Integrating over I'Z with respect to eIt lga’ T InTIq )2 (n*,n™) we obtain for
the part containing G(n™\z,&~ Ux)

I2 R To

e I g I T Il gz d N3 ()
<ee” O [(3 Buw e\ )G € )le e Izt )

2 xENT
r2 n

and for the second term

Eeo‘///|G(n+’£—)|ea/ln+\ea'\£’l

1"(2) To
xS0 [l wene vl = o w7, €)
mGnﬁRd
< e W) (g2) e / |G, €)1 e I I (T, 7).

g

Similar estimations for the parts containing G(n™,£7) show together with
above computations the first part of the assertion. The second part follows

from By (x,&) < [|¢]| Lo €] L

The operator for correlation function is changed only at the new operator
V2 and the rescaled version has the form

(Vl,Ae,renk)(n+7n7)
—ep(z—) _
= Y el / x (”1;5) kOt U, U \a)dA(ET)

£
reEN— To
B - e—ev@—) 1 3 3 3
DI >/eA (5;5 Kt~ UE)AA(E)
I€n+ FO

and the limiting operator

UGDIOUBEDS /exwmx* D€ k(T Ua, T UE \z)dA(ET)
xen*FO
- / — ;& )k(nt,n” UET)AAET).

93677Jr



84 D. Finkelshtein, M. Friesen, H. Hatzikirou, Yu. Kondratiev, T. Kriiger, O. Kutoviy

Again if a, o, € L>(R%), then the convergence

IL2, 0, — L3 lara = 0, €—0

e,ren

holds. Computing V; vex(pT)ex(p™) one sees that the equations for the local
densities will have the prescribed form (18),(19).

Last two models

Here the changes of types are density independent, i.e. ¢ = ¥ = 0, but the
proliferation is changed either to density dependent mortality or to density
dependent birth. Both models were analysed in the one-component case. Since
the changes of types are prescribed by constant intensities they do not influence
the construction of an evolution and only contribute by additional terms in the
kinetic description. It is not difficult to combine all results and derive from
them the corresponding kinetic description stated before.
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