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ON PRESERVATION OF SINGULARITY, ABSOLUTE
CONTINUITY AND DISCRETENESS UNDER
TRANSFORMATION OF PROBABILITY SPACES

Sergio Albeverio', Maryna Lupain®3, Roman Nikiforov®®, Grygoriy Torbin®°

Abstract. The paper is devoted to the study of conditions for the preser-
vation of mutual singularity resp. absolute continuity, and discreteness
of probability measures under measurable mappings of probability spaces.
Under very general assumptions we have found such conditions for the
preservations. At the same time a series of important counterexamples are
presented. The results obtained can simplified essentially the study the
Lebesgue structure (i.e., finding necessary and sufficient conditions for the
singular continuity, absolute continuity and discreteness of a wide spectra
of probability measures with independent digits of symbolic expansions of
real numbers and their multidimensional generalizations.
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1 Introduction

It is well known that there exist only three types of pure probability
distributions: discrete, absolutely continuous, and singularly continuous.

Discrete and absolutely continuous distributions are the most studied;
however, in many textbooks the class of continuous distributions is often in-
correctly identified with the class of absolutely continuous ones. Singularly
continuous distributions, which gained interest in the early 20th century af-
ter the development of Lebesgue measure theory, have experienced periods of
growth and decline in scientific attention. The development of the theory of
singular measures was stimulated, in particular, by its connections with the
problems of harmonic analysis (especially with the theory of trigonometric se-
ries), the theory of dynamical systems, and spectral theory. At the end of the
20th century, with the advent of fractal theory, a new toolkit for the study
of singular measures appeared, which gave a new impetus to the development
of this direction. Despite a rather long history of research, the problem of
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finding necessary and sufficient conditions for singular continuity resp. abso-
lute continuity remains open for many classes of probability distributions (see,
e.g., [11, 12, 15, 16]). After the proving singularity, the issues of studying the
fractal properties of the corresponding measures become important. The paper
is devoted to the study of conditions for the preservation of mutual singularity
resp. absolute continuity, and discreteness of probability measures under mea-
surable mappings of probability spaces. Under very general assumptions we
have found such conditions for the preservations. At the same time a series of
important counterexamples are presented. The results obtained can simplified
essentially the study the Lebesgue structure (i.e., finding necessary and suffi-
cient conditions for the singular continuity, absolute continuity and discreteness
of a wide spectra of probability measures with independent digits of symbolic
expansions of real numbers (see, e.g., [1, 1-6, 6, 14, 17, 18, 22] and references
therein) and their multidimensional generalizations.

2 On preservation of singularity, absolute continuity and
discreteness under transformation of probability
spaces

Let (Q1,.A41) and (Q2,.42) be measurable spaces, and let u1, 4 be prob-
ability measures on A;.
Let f be a measurable mapping:

(QhAlaMl) i> (QQ>A27M2)7

(Ql,Al,Vl) _f> (927“4271/2)7

where the measures po and v are image measures of the measures p; and 14
under the mapping f :

p2(E2) := pa (f 71 (E2)),VE € As,
VQ(EQ) = Vl(f_l(Eg))7VE2 e As.
Theorem 1. If u1 < vy, then us < vo.

Proof. Let us assume that v9(FE3) = 0 for some subset Fy € As. Then
vi(f~H(B2)) = va(E2) = 0.

Since pu; < vi, we deduce that ui(f~1(E2)) = pa(E2) = 0. So, the
measure Lo is absolutely continuous w.r.t. the measure vs. O

Remark 1. The implication pe < v = p1 < v is false.

Example 1. Let
Ql = {07 172}7A1 = 2QIa

QQ = {a,b},A2 = 202,
f(0)=f(1)=a,f(2) =0
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Let us define measures p; and v; as follows:

bl

M) =0, w1 =g, mE2) =
n{0) =5, w{)=0, nl2h =

[l Y

Since v1({1}) = 0, but p1({1}) > 0, we see that the measure u; is not
absolutely continuous w.r.t. the measure v.
It is clear that

pafal) = i (F~ {a}) = m({0,1)) = .
pa{0}) = i (7 0)) = (£2) = 5.

va(fa}) = (7 ah) = ({0.1)) = .
na(18) = (7)) = m((2)) = 5.

Therefore, g < vo (moreover. s = v). At the same time the measure
(41 is not absolutely continuous w.r.t. the measure v;.

Remark 2. There exists mutual singular probability measures p; and 4, and
a bimeasurable mapping f such that their image measures ps and vs coincide.

Example 2. Let
Ql = {0’ 15273}7 Al = 201;
Q= {Oa 1}; Ay = 292,
fO)=f1)=0, f(2)=/f3)=1

Let us define measures i and vy as follows:
pm({0}) = m({2}) =

n({1}) =n({3}) =

Then v1({0,2}) = 0, p1({0,2}) = 1 and p;({1,3}) = 0, 11 ({1,3}) = 1. So,

M1 J.Z/l .
From the definition of measures ps and vs it follows that

)

N o =

p2({0}) = p (F71({0})) = pa({0,1}) =
p2({1}) = m(f71 (1) = m({2,3}) =
v ({0}) = w1 (f71({0})) = ({0, 1}) =
v({1}) =n(f ({1) = {23} = 5.

M ST Y

So, 1Ly, but the corresponding measures s and vo coincide.
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Theorem 2. If uy Lo, then py Ly,

Proof. If paluvs, then there exists a subset Ey € Ay such that ve(E2) = 0
and p2(Q2 \ E2) = 0. From the definition of the measures po and vp we have
p1(f7H(Es)) = p2(Es) = 0 and v(f~1(Qa \ E2)) = 12(Q2 \ Ea) = 0. It is clear
that f71(92 \EQ)) n fﬁl(EQ) = @ SO7 [LlLyl. ]

Remark 3. The inverse implication is false even under additional assumption
on bijectivity of f.
Example 3. Let Q; = Qy = {0,1,2,3}, A; = 2%, Ay = {Q,0,{0,1},{2,3}}.
1 1 _ .
Let p1({0}) = m({2}) = 3, m({1}) = n({3}) = 5 and f(i) = i,7 €
{0,1,2,3}.

Since v1({0,2}) = 0 and 11({0,2}) =1, we get p; Lv.
At the same time

pa({0,11) = i ({0,1)) = 5.
pa(2,3) = (23D = 5,
({0,1) = 1 ({0,1}) = 5,
n((2.3) = m((2.3) = 5.

Therefore, p1 Lvy, the mapping f is measurable and bijective, but o = vs.
Theorem 3. Let f be a measurable and bijective mapping. Then
p L v & pe L v,
Ly & pslus.

Proof. If f is a measurable and bijective mapping, then A = f~1(f(A)) and
pa(A) = pa(f(A)).

In a similar way we get 11 (A4) = v2(f(A)), VA € A;.

Taking into account Theorem 1, to prove the first statement of the theorem
it sufficient to show that from the condition ps < v it follows that p; < vy.

Let us assume that v;(A) = 0 for some measurable subset A C Q. Then
va(f(A)) = v1(A) = 0. Since pugy < vo, we get pa(f(A)) = pi1(A) = 0, Which
proves the absolute continuity of the measure p; w.r.t. the measure v;.

Taking into account Theorem 2, to prove the second statement of the
theorem it sufficient to show that from uq Lvq, it follows that ps L.

From gy lvg, it follows that there exists a subset A € A; such that
v1(A) =0, u1(A) = 1. Then v1(A) = vo(f(A)) = 0. Let f(A) =: A’. From
bimeasurability of f it follows that A’ € As, u2(A") = ua(f(A)) = pu1(4) = 1.
Therefore, po Lvs. O

In many important cases the corresponding mapping f is not bijective.
Such cases were studied partially in papers [5, 10]. The following theorem gives
a rather general conditions for the preservation of relations “to be mutually
singular” and “to be absolutely continuous” for probability measures under
bimeasurable mappings.
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Theorem 4. Let py and vy be probability measures on a measurable space
(Q1,A1). Let (2, Az) be a measurable space and let f be a bimeasurable map-
ping from (1, A1) into (2, Az).

Let po and vy be image measures of 1 and vy under f, i.e.,

pi2(Es) = i (f 1 (E2)),VE; € As,

VQ(EQ) = lll(fil(Eg)),VEQ S ./42.

Assume that there exists a subset Qo € Az, such that vo(f(Qo)) =0, and
the mapping [ from (Qq \ Qo) into Qs is bijective.
Then
L v = pe L v,

/,Lllyg <~ /JQLVQ.
Proof. 1. Firstly let us prove that
n KL e e L V.

la. Assume that po < v, and show that uy < vy.

Let E; be an arbitrary subset from .4; with v1(E;) = 0. Let us prove that
pa(Er) = 0. _

Define E10 = E1 N Qo, E11 = E1 N QU.

Let By := f(E1), Eo1 := f(E11), Ex = f(E10).

Since F; € Ay and Qg € Ay, we get E1g € Ay and Ey; € A;.

From bimeasurability of f— it follows that Ey € As, Eog € Ag, E21 € As.
It can happen that Faog N Eay # ().

va(E2) = va(Eao U Ea1) < va(E) + v2(Far).
Since the mapping f from Q; \ g into 5 is bijective, we get
SN (E21) N (21 \ Qo) = En.
Therefore,
f Y Eyn)=EnUE],,Ef C Qo, B}y € A;.
Then
va(Ea1) = vi(f~(E21)) = vi(Bu U BYy) = vi(En) + v (E).

v1(E11) = 0, because E11 C Eq and v1(E7) = 0.

From E7, C Qq it follows f(E};) C f(Q0). So, f~H(f(ET)) C f71H(f(Q0)).

Therefore,

n(fHf(ER))) < vi(fH(f(Q0)))-

Since v1(f~1(f(Q0))) = 0, we have v1(E7;) = 0. So, v2(FEa;) = 0.

From Ejg C €, it follows that Eag C f(Q0) and f~1(E2) C f~1(f(Q0)).
Therefore, VQ(EQO) = Vl(f_l(Ego)) < Vl(f_l(f(Qo)). SO, VQ(EQO) =0.

Hence,

vo(E2) = va(Ea U Ea1) < va(Eag) 4+ 12(F21) =040 =0.
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From po < vy it follows that ps(FE2) = 0.
Since p2(Ba) = pn(f~H(E2)) = 0 and By C fH(f(E1)) = [~ (E2), we
deduce that p1(E1) < pa(F2) = 0. So, p1 < vy.
1b. The implication
1 KL vy = o LV

follows directly from Theorem 1.
2. Let us prove that p; Ly < polvs.
2a. The implication ps Lre = puy Ly follows directly from Theorem 2.
2b. Let us prove the implication i L) = polys

From the definition of singularity p;l14 it follows that there exists a
subset E; € Aj; such that v4(F1) = 0, ui(E1) = 1. Let us show that there
exists a subset Fy € As such that v5(F2) = 0, and pa(Es) = 1.

Let E10 = E1 N QO7 E11 = E1 N Qo, f(El) =: EQ, f(Ell) = E21,
f(Ero) = Exo.

vo(E2) = va(Eao U Ea1) < va(Eag) + v2(Ear).
From the definition of the measure v it follows that

vo(Eo1) = v1(f 1 (E21)),

where f~1(Es) = E11 U EY), Ef; C Q.
Then
va(EBa1) = v1(E1 U EYy) = vi(En) + vi(E7).

Since E1; C FEr, lll(El) =0, we have Vl(Ell) =0.

Since Ej; C Qo, we deduce that f~! (f(Ell)) F1(f(Q0)). From as-
sumptions of the theorem it follows that vi(f~*(f(0))) = 0. Therefore,
1/1(E11) =0. SO,

V2(E21) = I/1(E11) + Vl(Efl) =04+0=0.

Let us determine vy(Fap).
I/Q(EQO) = Vl(f_l(Ego)). Since Ey C f(Qo), we have

FH(B20) € F7H(f(0)).

Then
v (f~H (Ea0)) < (f7H(f(Q0))) =0
Therefore,
va(Bx) = 1 (f~ (Ba)) =
So,

vo(Ea) < va(Eag) + v2(E21) =0+ 0= 0.

Let us show that p(FEs) = 1. From the definition of the measure puo it
follows that

p2(Ez) = Ml(f_l(E2))'

Since f~1(Ey) = f7'(f(E1)), and Ey C f~H(f(EL)), we get pi(f~1(E2)) >
w1 (E1) = 1. So, p2(FE2) = 1 and therefore ps Lvs. O
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Remark 4. The assumption v1(f~1f(Qo)) = 0 is important and can not be
replaced by the assumption v (€g) = 0.

Example 4. Let
Ql = {O? 172}7“41 = 2QIa

QQ = {a, b},.AQ = 291,
fO)=F(1) =a, f(2) =0

Define the measure py and v in the following way:

Y

pr({0) = 5, ((11) = 0, ({21) =

el Y

n({0) = 0,m({1}) = gm({2) = 5.

Since v1({0}) = 0, and u1({0}) > 0, we deduce that the measure p; is not
absolutely continuous w.r.t. the measure v.

Let Qo = {0}. Then 2\ Qg = {1, 2}, and the mapping f : Q1 \ Qg — Qs
is bijective and bimeasurable.

At the same time

pa{a}) = (7 Heh) = (0,1 = 5,

pa({0}) = i (F7(81) = pa((2)) = 5.
Similarly

va(fal) = m(fHah) = m({0,1) = 5,
va({b}) = i (f7HBY) = m({2}) = %

So, e < va (u2 = va), but the measure pq is not absolutely continuous
w.r.t. the measure vy.

Theorem 5. Let uy and vy be probability measures on a measurable space
(1, A1). Let (Q2,A2) be a measurable space and let f be a bimeasurable map-
ping from (1, A1) into (Qa, A2).
Let po and vo be image measures of puy and vy under f, i.e.,
pi2(Eo) i= i (f 71 (E2)), VEs € A,
VQ(EQ) = Vl(fil(Eg)),VEQ S ./42.

Assume that there exists a subset Qo € Ay, such that
p1(Q0) = 0,1 () =0,

and the mapping [ from (Q1 \ Qo) into Qy is bijective.
Then
L v = pe L vy,

p1lve & poluvs.
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Proof. To prove the first statement of the theorem we must prove the implica-
tion
Ho KL Vo = KL Vg,

Assume that the measure p; is not absolutely continuous w.r.t. ;. Then
there exists a subset Ey € Ay such that v1(E;) =0 and p;(E;) > 0.

Let us split the set E; into two parts By = Ef U Ey, where Ef = EqN§Y,
Ey C QO7 Q = 04 \QO

From our assumptions it follows that v4(E;) = 0 and Ef C E;. Hence,
141 (Eik) = 0.

Similarly, taking into account that pi(E;) > 0 and puy(Ep) = 0, we get
pi(EY) > 0.

Let E3 := f(E7T). From the definition of the measure vso:

va(B3) = i (f 1 f(EY)).
Since the mapping f from Q' into 5 is bijective, we have
fU(ES) = B U E,

where F1 C Q.
Then v (E]) < v1(Q0) = 0. Therefore, v (E{) = 0. So,

vo(E3) = vi(E7) +vi(E) =0+0=0.
Let us determine ps(E3).

p2(Ey) = pi(EY) + pa(Ey).

Since p1(E7) < u1(Q0) = 0 and p1(ET) > 0, we get po(E3) > 0 which contra-
dicts the absolute continuity of the measure us w.r.t. ve.
To prove the second statement of the theorem we must prove the impli-
cation
[LlLyl = ILLQJ_VQ.

Let pq Lvy. Then there exists a subset A; € Ay such that v41(A;) = 0 and
,U,l(Al) = 1. Let us define B1 = Zl = Ql \A1 Then Al n B1 = @, B1 € Al
and /1,1(141) = ]., I/1(B1) =1.

Let A% := A1NQ, Bf := ByNQ', where Q' = Q1 \ Q. Since A1\ A7 C Qp
and p1(Qo) =0, we get p1(A;) = 1. Similarly, 14 (Bf) = 1.

Let A3 := f(AY). Since f is bimeasurable, we have A% € Ay. From the
definition of the measure ps :

p2(A3) = m(f71(43)).

Since f=1(f(A7)) D A} and p1 (A7) = 1, we deduce that ps(A3) = 1. Similarly,
we have v5(B3) = 1, where Bj := f(B7).

Since A} N B} = 0 and the mapping f : Q' — Q5 is bijective, and A} C ',
Bf C Q, we get A3 N B; = 0.

From v9(B3) =1 and A5 N B; = (), it follows that 12 (A%) = 0.

Since p2(A3) = 1, we get a desirable relation pglve, which proves the
second part of the theorem. O
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Theorem 6. Let f be a mapping from (Q1,.A1, p1) into (Qa, Aa, u2), and the
measure pg is the image of the measure py under f.

If the mapping [ is measurable, then the discreteness of the measure pq
implies the discreteness of the measure pio.

Proof. If the measure py is discrete (atomic), then there exists an at most
countable subset Ey € Ay such that pi(Ey) = 1.

Let E!, := f(FEq). Since f is a bimeasurable mapping, we deduce that
E!, € Ay and EJ, is an at most countable set.

To determine o (E’) let us consider the set £ := f~1(E)) = f~1(f(Ea)).
From the definition of the measure o :

p2(Eq) = pu(f 7 (Eg)) = pa(E).

It is clear that £ D Ej.
Hence, pi1(Eq*) > p1(Eq) = 1. So, pa(E)) = 1, which proves the discrete-
ness of the measure puo. O

Remark 5. The implication “us is discrete = puq is discrete” is false.

Example 5. Let Q; = [0, 1], and let A; = B[0, 1], let p1 be Lebesgue measure
on [0,1].
Let Q, = [0,1], A, = B[0, 1].
1
Let f(x) = §,Vz € [0,1].
It is clear that f is bimeasurable and us is pure discrete with a unique

1
atom at the point ok

Theorem 7. If the mapping f is bimeasurable and for any point y € Qo the set
f~Yy) is an at most countable, then po is discrete if and only if uy is discrete.

Proof. Let us be discrete. Then there exists an at most countable subset
E!, € Ay such that ps(E)) = 1. Let E4:= f~1(E}).
From the definition of the measure po:

pa(Eg) = pa(fH(E))) = m(Ba) =1, Eq€ A

From the assumption of the theorem for any point y € 5 the set f~1(y)
is an at most countable. Therefore, the set Ey4 is an at most countable. So,
from the discreteness of the measure s we get the discreteness of the measure
11, which proves the theorem. O
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